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obtaineod ill the third voluime izs givenl inl Socf:lnn I'- ;J th '. it4 voliliPaij

S Yil to i et )UP ills 16lls illkit Il4~iy 1.0 1t.ITiifll ~i I et-tiItS Whereas t lei oxact.

Solu1tionIS Co1Verge 100 hv~'t t It sed5 fol' tntmorti ott purt tposes whl ;-I, th~e r:iii oJf

curvature grouatly exceeds the wavelength 'ibis approach is Only us u hOWcr

when the exact solution is tulretudv kitown

A 1- trtiouln pvnfo.dttrn Will h)o1 )ISe in thio eth111 volumie to rederiv3 aoile of the-
reSet ls (if the0 third 'VO01111c. \Ytth6U.1 1 recurs A th itu eouirs 'I nalysis

Wvill then be extended to certainl ge-,olletries fori whi)'Ch cx Let solutions a"re-not

readily obtu huid, Further :tpl ieiftioh.is ai id geeaiztnswill be giwv-Ai in laterI

Tho developnt jilt (it the IproIpctitts of":h chtldiff raehti-h in, grals in the firs volume na

been patterned after thec liss ical treatm-otits of Bcsse i functions, Legen Ire poly-
lionils , an- s itilthir spece lid ftcin nphsc.r nathemat.t,2p1i15 0

a firmn foumnl:,1iollfo toe (, 0111t U~t~e' Vre- iU A,41 n It t4 il tlLzy value prtioh]ems for spheres

mid eirl'( at- !vlil uders .. I m~vevel r noslt oflie iv'r .a.a probl ems in diffraction
theory Hec inl h'_ l-tyc cd 'high fi v ,Slki'O thesouin

faLil to C 0ti1Ve go1 0es AUdity tiild 11t-iiinciia resutlt,,,. During the las t ffily- years marty

iitthor~i lm ott g ugt t o i' it IV ov i i) it itul sU tI r ev(I_, 1rin '. [humc-.e pr'oblems inl which

the, sixe of. the diffit htiig (ils til 6! 1 e k,1JI go(ou, i to wttvol,ngth. " ark",?,

19,14, L~ove- (bef. 28Huivvi Fi ' ld and Wruvto{11 6'Uluortll Cately, t,",' (I it -f i V

has been i uvis tip gt.te.i' by~, diffoi-tIl't ili1'tht5A5 W ittiut ;{1e(-l , -o''in "I' ad the U

results tht . htivo leitt o )[Attt arcot sIt 'ifleIm~tt is5I coltitt. ' ile (lifltulties of the I
probliem of co-oi'djnttt ica)I Its beetl iirt or l t.; ied ill leottilt years 1iy the, ilic reased I

*activity in this TkeId Wikbha Viv len C1o ltd pti titarily by app'VI icatibnis of diffraction
thor-oh rdiation ; ds~teig l ncrw,)s Wehv coinp. 'Itle ons

of somec of thle hnlI jatthe ri- and hiale I nttrodtuced a sot ol standard notations. We

hlave tried. to ri .","e o sdu of the Spirit oithe class icistH of tle nineteenth century.

by q ,vstematicat ly dlereloiug a thttrcittgh I-:mv ledge oif replorentations; and properties

of the functions.

i;
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The derivations may, at first reading,create tbo impression of constituting

interesting excrcise,4 in advanced calculus, We readily admtt th?,ct we enjoyed

~these exorcises, 
rod we invite our readers to join us in late:. volumes to witnl, ss

i the numerous applications which c an be made with the results of these exercihes.I

The size and complexity of our compilation makes it vain to hope that errors: A

I judgement, or mistakes have been avoided. We will be glad to receiv6 corrections
S"r suggestions w;hich can be employed in our future work in this field.
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I "ABSTRACT

'T1'his study involves a generalization of the ray-tracing techniques of geometrical

optls through, the introduction of a cnss of universal functions which can be used to

T predict the anplitude and phase of an electromagnetic wave reflected or diffracted by

j a convex metallic surface. These diffraction integTals are generalizations of functions
A previously used in studies of radio-wave propagation around the earth's surface by

Uvan der Pol, "Bremmer, Pryce, Fock, Pekeris, Rice and other recent authors. The

if functions aredefined as Fourier integrals havih-g combinations of Airy integrals in

he integrands, The Airy integrals, and partizularly tiw histury of notaions for these

f .unctions are discussed in considerable detail. The present study differs fromother.° '~stu +ies in tUmt it emiphasizes the r'ole played by the Taylor and Laurent expI nsions

for these funtions. 'Theo difficult "trans'ion" regions aze readily handled 'by sum-4 min; certain divrgent s.ries by means of classical summation techniques.

slyns )I'0 fie.ld from slot antcnnag on a circul hr cylinderi° "|+~U ' As !n"iP't 'i o+ ! pat, ! ro:;i:+0 ,tticrri,+oo., o. o.+++ne
are pres6eted aJ a; exa npl 1.6i the app5lIcation 'of thes inte " als m,~d ~ t d ! a 'e s 'i t g i .., ' ' + ..

, - 4 4 .

,C AIRCT M
* I

+ I
! .i
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NOTATION

As it is impossible to avoid using a large number of different symbols during the

j course of the work, some of the symbols used, most frequently, together with A
their definitions (or references to figures or equations in'the text whieh efine

them), are listedlhere for the cofnvenienc of the reader.

w jangular frequency
w, 'avele6ng'th

wk- ropagation constant .(2ir/X) I

jradius of th, convex surface

•r, cyI ndrical polar coordinates, referredto center of curvature (1ig 3)

li distance o" source. frqrnl center Of cu'vature (i. 3)

distance or receiver from cent.or of curva'ture (Fig. 3)

5 ,h h fg ofsoure al?ove surlac: (Fig 2)

' t height of receiverabove rurface (Fig. 2)

distance frbm sour o )receiver niedsured along the surface 'Fig. ''2).
i d ' q i nattral unit of disan..e / : , Iq (1. 1) .. j

• ;i 1!i°  natur:A unit of height / 3  (1.2) 14 •
.0 4

' distancefrom source to point of tangency (Fig 4

2 distance from receiverto point of tangency (Fif 4) 4,

arelendth betwSen points of tangency. (Fig. 4) . I
S eikonal (Sec. 2)

14zazw ; 421(21 See, iq l. - *... j
T natural uhit of length (2E 3)

S natural unit of arclength 2a /R S Eq. ( 3)1 o0

xix
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R diSta'ncC f'roll rUVCC to r7ccuiver (Pig. (1)

=S/S arclength MQvasu3Lr(ed in na,'tural Units SeO Eq. (1, 4)
0

- /T- Eq. (IA
1,2 1 ,2 () (4

Cle angle of inicidenice or reflection (Fig. 6)

D distance from source to reflection point (Fig. 6)

D2 di d~Ii c fronm reiver to reflection point (F ig, 6)

b- a sin a collision 1xrameter (Fig. 7)

F. ILO p rmittivity and permeability of freet spade,

I) pA1 ) permittivity, 'pelineaulity, anc onductiv ity of 'Convex solid

6y. li(nl eole\ pormnittivitv [foil- exp)- (iwt) time cdr1'penderice1

Y ~surfaC ;tdmittanceLq(2
Z Eu..ac(2.

d i v e r' C C. ltot Ec. (2. 61)

r r ef.1l"t i uii oefficient El ($.7)

Air a Is q. (3 3.4)
Q;() Aiyintegras (

'T' Frechafe r's djffrqwi of intec-ral Eq. (3. 1)

F ( 'X x. van de 1IBPi 1,fuintiegrrall Eq. (3. 1)'I

i(ka) - Z3 noeinal i ied inor ,dane iia-amete-r Eq. (~5

-ai~ /2) Z florniaili7,l iinpc inc ptlramotcr E q, (4. 23, 5. 27)

~~ 2' q) Fockl (iffrL('tion in1t ' r q(4 7!i

A 1. >t Aiy. integi ,a'is Eq. (4, 16i)

0 ~ t

Y3(1 te ecn. ir itera f [ex&~b
0
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F (t) modulus of Airy integral Eq. (4. 25)

x W) phase of Airy integmdl Eq. (4. 25)

G(t) MOCIULS Of ClerI'MViof. Airy in tegral Eq. (4. 26)

4) Mt phase of derivative of Airy int egral Eq. (4. 26)

Q roots of Airy integr-al Ai(-cy 0

roots of derivatives o. . iry ;otegral Ai' (-p) 0

A ~~formo of Air~y integral used hy Franz and Keller Eq. (.24)
V (x ,q) attentac Io functioni (Nicholson functions) Eq. (7. 2)'

0

]'x q) cutreunt, distribution fLunctions (Fock functions) Eq. (7%)

V 2 (x, q): reflection coefficient function (Peke-ris functions) Eq,, (7, 11)

Eq . (7.2)

qWIII

KI) -no(i fid:F snol i ijtegral E q. (7. 15)

2 (x, qj' Tekeris!jeareu function Eq. (7, TO)" ,

p~) Eq. (7.1 21?
.q(x)

t 'roots o f W1 (t. 14 W, G1  (t Eq. (7, 28)

roots of wI1 t~ 0 E ( (7. 38) .

troots of w tF

3 curront~distribution functions for <0
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*~7 ~ i~) rcficullutn coefficient functions

Q() 2 1-t exp [i A/12) + (1 wr/4)] q(0) fr

(n)

g. ) 'qI7.6

A(nl)(~

(n)~

(n)

(n)

A

Ai
f., q (7,88

AVK)DARRF OROAIN.MSIESc6SAEDVSO



'LMSD- 288087

I F13q~ 1 Eq. (15. 12)

f(4, a~)
r(4,e~) Eq, (15. 26)

(4))

Q () kr ( U)m m

Mr -

~ ~ (o)
m m

Eq. (15. 26)

K ~ q (15) 83) Q

(0)
larg) R)toqatiisZZ

Im
7() q 1.5
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I Section I

| GIOMETRY OF DIFFRACTION P1ROB LEMS

I
The LMSD general research program in diffraction theory is directed toward

the develoi-pmont of methods for the computation of the diffraction phenomena

associ.' ,I with (a) the pro)agation of waves around, (b) the radiation of waves

. from sources in the vicinity of, and (c) the scattering of Waves by convex

U metallic Isurfaces. This study involves a generaization of the ray-tracing tdch-

niques of geometrical optics in a manner which permits one to compute the ampli-

t lude aInd the phnsqn of n x'ave. reflected or diffracted b a convex metallic surface

whih has iadii of curvgturelarger than severil wavelengths. The ordinary cal-

i ulational procedlures of gonltrical ol)ti(,s can only be used on these problems

whcih the radii of curvature greatly exceed the wavelength and when the reflection

I oirt is far from edg;so, shadow boundaries, and other dFiscontinuities. The present

investigation involves the introduction of a cl. ss of universal functions which can

he u,ied to bredict the rc tl.cton phenoinena in th..line-of-sight rpton and the

liffr u,0tion phenomonyi in thc sh'adow r gion. Tho functions which we will use are

neripi 'd from the welt!-known dirfrac lion formul w. h was nSut! very exte6isivcly.

World War Ii 11or the colstruction o' ov il difagrams for rada s mounted

,a0ovw a spherical earth in a so-called l.anarul ,ttlj)asphci s foh mula had

bqhn develop-ed prior ,o 1,h l 140's by Nichvlsan ( R I): M cdtpnld (Ref. 2)

Waitson (Ref. 3), Vvcdcnvky (Belt 4), vader Pol (Ief. 5) and v.n der Pol and

I Bremmor (Ref. 6). If this imuport we give a number"Of QxtlC%1ins to this method

of treating diffraction1by convex surfaceos.

I
I
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FIRST LOBE7 \<-SECOND LOBE

HORIZON_

\ovVE G-:UID E

LEAKAGE

TIIANSMITTER

Fg. 1 The MechaInisml of D~iffraction (After Booker in(d Walkinshaw, Ref. 7)

Above the opic leaIhi '/on, tho( Ii old of' a transmitter s itua ted in the Vicl nity or n

Cm'Vecl surfaLce consists of a SUCCeSS iOl 4f lobes c,,.usec) by interference between

the direct waVe from the source and a wave which is, rlefted fromn the s ui'fue.

The form of tlijo tli tl:Lti tl1-fCId bI JoIW the horlt un10diedt li condi11tion of 1)roI)-

agatioll ill U:InoaIlrlsller a he COIISW~Credl to 1) the fieli (t~le to aI

lea1ky waveguide ha"ving a "heighit I1 which is of thle order of,

HH

where a denootes thie radios of' (-Iurvature of the surface, mid1 X deno)tes the wave-

1ength I Fg we represent this dlescription tot the diffraction p~roblem in the

ma~nner Qmlloyed( hy Booker a rid WallkinShaw (Ref. 7) who rufer to H1 as thu

"track Nvidth- of the xvavegUide. Most authlor'S refer to the (liUfiacted! wave near

the surfatce aS at surlfa1ce wVe The track width phmvs aii im-portant rule in these
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I
problems. The methods of approximation for the expressions for le field

strength are different according to whether the detector is above or below the

track width. Furthermore, in the vicinity of the track width, the gaided wave

propagates at the speed of light, whereas for points closer to the surface, the

wave has a velocity which is less than the velocity of light.

Most of the studies which have buvi ±uade by previous authors can be classed as

a radio problem or as an optics problem. In the radio problem, the source and

the receiver are located at heights above the surface which are small in cor--

parison with the radius of curvature of the diffracting surface. (See Fig. 2)

P4 ------------ -..- l
d h

Fig. :2 Geometry of the Badio Problem

In this case it ik convenient to use the distance d measured along the surface, and

* the heights h 1 , h 2 of the source and the receiver, respectively. It is found con-

venient to define so-called natural anits of distance d and height h defined by
0 0

U13 /3 /

h, .(a (1.2)
h 2k-- 2 k 7r 2

LAaS
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We then define the dimensionless vriables

d hl h,

d ' 2 11
0 0 0

We observe that H h 0 ; i. e., the track-width of the leaky waveguide is of the

order of one natural unit. of height.

In the optics problem, the distances of the source and receiver are large compared

with the radius of curvature of the diffracting obstacle (Fig. 3). In this problem

Fig. 3 Geometry of the Optics 'roblem

the geometrical lengths are the distance T from the source P measured along

the tangent to the obstacle, the arc length S on the obstacle, and the distance

T 2 along the tangent ftim the obstacle to the receiver (Fig. 4). We observe
that

1 v 12 - t-Cos r] a~~
, ---- ,os = 2 a

1 2

1-4
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i T a- aT.

Ir 2

, Fig. 4 D'efinitions of T T2, S for Shadow Region.
1'2

I
It is convenient to define the natuiral units of length

! 2,1/3 E2. 1/3 a 2'A /3

S -To (.~ 1 'a (
o o ka i7r

and the dimensionless vtriables

1T2 T 2

S 2 2 1.4
0 T T

We observe that S is positive when Q lies below the horizon, and negative when .Q
lies above the horizon. In Fig. 5 we illustrate th, significance of S for the case

when Q lies in the line-of-Eight of P,
I]

1 1-5
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HORIZON

-. r2
1  \T2~

Fig. 5 Definition of T, T 'q S for Line-of-Sight Region

For the oase when Q lies well above the horizon, we itroduce the concept, of a

direct wave passing from 1P to Q along the straight line of length kt which joins

P and Q'. We also use the concept of a reflected wave which pas,-,es fi'om P to
.'along. the shortest path between these points which has one oinontes'fc

of the convex obstacle. ThIs path consists of two straight lines of lengthq D1 and

Dc as shown in Fig. 6. Inrithis figure we also define ilhe angles ce,f3

It i s also convenient to intt-oduce the concept of the collisin arameter b which

is the distance of closest approach to the center of curvature of' the extensions of

the-straight line segments D and I) (F~g. 7). We obiserve that b a sin a
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Q

D2 _

/a 
a

Fig. Gi Definition of Ri, 1)I, 2 and a, /3.y

D,
77______

I/2-b
p(

0 b

Fig. 7 Definition, of ColiioIn Parameter 1)
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I

Section 2

LIMITATIONS OF THE CLASSICAL THEORY OF GEOMETRICAL OPTICS

For almost a century, one of the most challenging problems facing classical

mathematical analysts has been that of supplying physicists, physical chemists,

meteorologists, astrophysiciSts, seismologists, acousticians, and electrical

engineers with simple expressions which describe the diffraction phenomena

associated with the propagation of electromagnetic (light and radio), seismic

(elastic), and acoustic waves in the vicinity of convex surfaces having radii of

curvature large compared with the wavelength. Exact solutions -in the form of

Fourier series or series of spherical harmonics have been known for circular

cylinders and spheres since the close of the nineteenth century. These series.

are very cumbrous in form, and, althodigh they readily yield a physical solption

for a ve.ry small obstacle, they are quite useless. for obstacles having rmnor than

several wavelengths in their circumfeirence. Furthermore, the.restriction to

obstacles having constant radii of curvature is a severe restriction.! I
The mathematical tools to be developed in this volume ,ure u:Seful for the Idases

| in which the boundnr! eondilions on the surface of the obstacle can be expressed

in terms of hlq, impedance boundary condition. This excludes the interesting cases

of transparent obstaclces which have attracted considerable.attention in tle fields

of physical chemistry, meteorology, and astrophysics. However, a large ,Olass

of problems in radio, television, radar, ind sonar engineering can be trcrited by

introducing the concept of an impedance boupdary.

In Fig. 8 we depict a dis onfinuity in electrical propertics across the boundary S

of two homogeneous, isotropic media. We define the complex permittivity L to

be
C = 'i (

1 2-1
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4 0111

S.17'j

Fig. 8 Discontinuity in Electrical Properties

*rhe, impedance boundary condition Lo be imposed on the fields E, H exterior

to the convex surface can be expressed in the form

( 8t + ikYE) 0 at - kH)= 21.
On S

where a/an denotes the normal derivative., the subscript tdenotes the tangential

comopet~,and Y is the surface admittance

and is the 6urface impedance

-1 (2.3)1

The simplifications associwatPl Arjtli the introduction of these simplified boundary

uunditions are not enough be causie there still remains the problem of solving the
wave equation. The theor'y of geometrioal optics represents an attempt to replace

the wave equation by a more tra .'able mathematical maodel. This theory was

2-2j
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developed b--y Hamilton during thoe -Arst hnif of the nineteenth century. Aneel

lent modern account of the theory is giveni by Freehafer (Ref. 8). A solution

-~of the scalar wave equation

V 6 . n 0

is xueht by writing

A exp (ikS)

where A and S are real functions of position. It is found that these functions

must satisfy the relations

2
,c2 V A 2 o

Ak2

2 2(VS) (VA)
V S+ A

To -obta Jn a tract-able sir, pification, it is genei'afy assu n&] that V A/A 2

I ~and henice (V)

IThis is known as the efkonal1 equation. In free s paceo n 1 anrid

lthis case S rnetsures th e linear distanc ofpoaaino ao rvlng in---

a constant direction.

One of the most important results of this. theory is tlie reflection formula for

reflection of waves from a convex surface which has radii of curvature greatly

exceeding the wavelength provided the ireflection point is far from edges, shadow

1 2-3
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boundaries, and other discontinuities. Consider the special case of a line SOUrce

situated at P (Fig. 7) which gives rise to a frec space field

ex o[ i (kR - ?r/4) ]-(2.4)

in the vicinity of ai circlir rcylinder of radios, a(. The field at Qis then given by

U ex / XI [(UR T/4)] r 4 D exp i [k (D1 + D- i/4 ]1i(2.)
jI

direct wave reflected wave

whe p r it the Fre ehne1 reflection coefficient and T) is the (livergeinco factor

2 2

21? L) it fp-i) (1). + D 2D D.I a(D I D) Cos
1 2 i 2j1 2' I 2

i thatf takes* intlo teu 1 11w lt fat that the pencil of r,,y!- incident up'on th t convex

surface diverges i 11C r i -. l ctioll 100cause of the (UrvaLt111T of the10 SUi'fac. The

eikona-i tor the c l oe 'w~o i~ I
S ID -FD

If tfitc impedance bou11dary. Cowl.itiorr- is expressed in! the form

'n ikZUSrfc 0)

the. F resnel reflection coeff io nt is

c0 cS y 4 Z

2-41
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where a, sin1 (b/a) is the angie between the nornial to the burface and the

incident or reflected ray.

During the paist ton years a number of attempts have been made to extend the

validity of tbis reflection for-mula by seeking a representation in the form of all

asymptotic expansion of the form

-2, i 2l A _ +

These results have only a limited usefulnedis 14 the line -of -s ight region and cannot

Ibe used at all as one approaches the shado-W bouindary. For example, if the plane
wave EUJ = exp (- ik p cos fhl illuminates a t5Srfectly conducting circular cylinder;

the secondary field is known to be of the foi .M

acs kp<,~ ik(p -2ti /)]I kad jT

2p 2k'6 6

16 ka cos 0/2 4(k1) 2co's 6 /2 3 ka2 os

I + 15_ _

72 42

IFor 7 r, this spV0ie'q is S L 'ioss regarclle0s oif how hige k, might b6.

In order to obtain a reisuft which is-valid on shadow boundaries or horizons, erie

has to abandon the coiicept of direct and reflected rays because these rays coalesce

at such a boiuwdhry, the criterion for applicability of the optical concepts can be-

traiken to be(a2 oinsur cta heojc is lag oprdwithwae

length, an NF'Ib 2 a'/k in order to avoid shadow boundaries,
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Sectiun 3

A MATHEMATICAL MODEL 1A5PLAYING
CHARACTERISTICS OF DIF FRAC TION PHENOMvENA*

In the latscinweiwdth islso gemetrical optics and remarked

upon their limitations. The difficulty wa~s due largely to the fact that a solution of

2 2A
had been sought in the form of a primary. aind a secondary waveI

U At' exi) (-i]<R) A: A xp [ -ik<(I +, D

which would satisfy the inimliT1( necbUndary condition

DU~fikZ1 0

We noW wan, to sek a solution of the form.-

'f:-U A nxp'(7 ik)

a ~ which will be valid on and near' the shadow boundarn and 'whi.&h "wl thave the property

that, well above the shadow boUndaLry, itagreeswith~lid opf Ical result.

jIn th is section we will follow Frechafer and Use an exp (iwt). time dependence.
In all other sections of this report we use an exp) (-iut) time dependence.
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A suitable m-athem-atical model for such a solution is discussed by Vreehafer

(Ref. 8) in Section 2. 10 of Vol., 13 of the Radiaiion Laboratory Series. in Eq. (361)

we find the Fourier integr-al

00ry(T

~1I, h, h ), - (l2d Ly> I <j (b + - -- ~~- (h1 + Tly (h + T)] dT

(3. 1)

where pis defined by Eq. (355)

Y (T) -h py (-

-2 h 0 py 2(T-)

a nd y I(t) ,y. 2() arc the Airy integralsj

- 1/hV cxp [ "~ ]clx- i/ViFT exp [i x i~x dlx (3.3)
0

-0 o

Y Ar J expr - x x']dx - itJ 1) f exp[ hx it]x (X(3. 4)

which are discussed at length by Freehafer in. Sncti-on 2.,9. The quantity

h k) 0<10,) I,3 I~ the t:.,ta nda rd unit (4 heighit defined earlier. The quantity p
deens po the polrzto oI;h wave If the c o;,stac~rc has a waoe number k~

we can write

lk/k ) ik ~k2 ilc(( /El) (ii 1 t-l-, (3- 5)

for vertical p~olarization,

2 2
Ph ik 1  k ik/- L ;o - 1 ~ikY, for horizontal polarization, (3. 6)

3-2
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where c1 denotes the comlplex perinitti-vity

"Y/ .-

This integral was first introduced in 1941 by M. H. L. Pryce (Ref. 9) in a report

on the limiting ranges uf the early British radar sets. Because of the specific

t references given to wavelength and power output of these radar sets, this report

was classified and received only limited distribution. The results were summarized

by Friehafer; and finally, in 1953, Pryce (Ref. 10) published a paper based upon this

wartirpe report.

(Althnuth the work of Prvce and Freehafor was well known at ladia!ipn ,aboratory,

and Kerr's "Propagation of Short Radio \Vaves" was published in 1951 , he integral

representation for 4, (d, hi, h 2) given above is not in current use tod.4y. In the

next secton we will introduce a different notation, adopted from the notat'ian used

i by modern Soviot Writers, as a standard form for this. integral,)

5 In:the work of Pryce and Freehafer,. two representations for , wereeplyc'.
For d <. h(the so-callod 'interference region"), it-was shown thqt9the

i Fourier integral " ty

Sy + r)

t exp(i(T)) p h 1 )Y2 (r hj2 d

has a point of stationary phase T defined by.,-

or hI -, 2 - o

It was shown that T- could be interpreted physically to be related to the square of

the cosine of the angle of incidence o".f the ray reflected from the surface (Fig. 7

where a is the angle of incidence). Thus

_T (ka/2)2/ Cos0

1
3-3
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It was then shown that

(d,h h ) 2/i expi 1(37/4)] ex 1p(-i l) 1 + F D exp[- 2 - l)] (3.7)dI
where ¢1 is the phase of the "direct wave"

-d/12 + (h + h;)d/ 2 + (h2 - hl) 2 /4d (3.8)

P2 is the phase of the "reflected wave"

'+( h T -r-o )(jh + (3.9)

T_ _ F_ T

an Di ~.'i4 TO)- + -) ( 1  0 T

arid D Is the divcrgence factor that takes into account the tact that a pencil of

parallel rays incident upon the convex surface diverges after reflection

1+/

To y0 V + (P'J1TO. T)] VTOJ 3

'!rhc reflection ,icoefficient was shown to be

2 2 2 2k- IClos v k k l -k o os(Y_

1 ' % / 1 c o s a0Z '02 o
v k j Co,/1-k. c -z k Z kC k

for vertical polarization

k cos., -k i1 "2
' Cos - Y o

Cos a Y ' Y,1K- Cos (Y k-Yk eOS C-.K:j <, I t - 2o

for horizontal polarization

Wherxe the square roots ind'cated are to have negative imaginary parts when the

time dependence is exp(iLt) as used by Pryce and Free.hafer.

3-4
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F'or d >01- +jW (th2ale so-called "diffraction region"'), it was shown that the Contour

could be cloged by I circle at infinity in the upper hbali-plane and then 4, could be

repr'esented in the form of a series of residue aso iao withthzeo

T ry (m =.1, 2, )of the Airy function combination

y~ (r ) - (T
2 2

it was then.,'shown that for freq Le ncies of 100 Me/sec or above, the r~oots required

could he ap-,proximated by

h 2 2

-oIn

2 0

was pryafYUOdrr1oinjts deep intside the sho di~w weeonly the first mode need

h)e considered This 0iclculatiOn could be made quite eas ily since the first root T,

Tj 2. 32.',i exp 1) 1(2,,/3)]

and the height-gain function U (1) Could be readily computed. Thle behavior of

20 lo uX silIlustrated in Table I

3-5-
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Ti'ble 1 

x 20 lOg 0 u I X 20 log 10 I I x 20

~o* X 2 lo 10 U1
0 1,0 1. 120 5. 23.77

0, 1 -19.9 1 2 3. 075 10.0 139. 69
0. 2 -13.19 1.4 4.82 20.0 62. 06
0.3 -10.3 1. i 6.39 30.0 79.24
0.4 -7.73 t. 8 7,84 50.0 106. 5
0.5 - 5.68 2. 1 9. 19 60.0 1,18. 1
0.6 - 3.96 2.5 12, 2 80.0 138,.7
0.8 -1. 16 3.0 14.9 100.0 K 5. 9

In the intermediate region, (I -/1- - - 1 neither the stationary phase

result nor the first residun ternn relt Would yieh(l a means of calculating the field.

The techntsees used in this region at liation I aboratory is described by Freehafer

In Seetioo.2. 15 of 1Prop'tgtioi of Short Radio Wav u s (Ref. 8).

The intciUral of lry,( 1 ' lreha for provides a mathemaLical model for extending

jihei-result. oblt;ind(l from g oniectrioll oI)it,cs o' the last seetion.

1 ~~2.~ It Cos

I~~~~;( )c2o. , ate s (Y__

exi) -ir k (D 4..) 7/4 (3,14)

I Ii

to l'rlVt/,g angles of incidene., We ohsurv( that for a -r /2.

I.'- 13' 2 - 21) 1I)2 ens , a '(1) 1) D)2 - 41IDD c002 (-v

2 1I2 12

(l) I ) 2 )1 (1) v

I 2

3--.a
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i We can then express the optics result in Lhe form

U1+1 a(l) + D eos a

t Xi) 1-ld D14) 2 a D I7? + D 2)Cos a

1 21

,7j- Co 3. -i D ;-; ...

If we define (see Fig. 7)

h ( 2 )4/3( k 1 ' 2  4/('I2 2 1/ 3  1 l/3

(3. 1 G)

we can show that

T 2
-l O -) 2

I2
y'1)7 ) j'1i3 11211 To' p (2)ID I;2 1,D " (j'h T - T,) h,) , T -I

0] ) (, - i , + oT o -

I *~q ill D iq- ) -f *
2"i~ 2 4~j 1 0 ir - 'h2+ ?°J0 '

3 7
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These results show that we can write

i rkR i " -  r4) expel(01j + 3 7./4)

U -LI exp[-i(kR-2 - d (dh (3.17)

d (h, + h +-T 1/ 3 (D1 + D 1/3

An alternative form is

i R V3 exp[i(j + 3r/4)]u - J(kra, -.. 7r/7 v- ' (d, hiph2
U2p Ti~-4 Li \ka/ 2JV 2%

(3. 18)

This result is useful for grazing incidence, i.e., 'for points just above the horizon.

For points high above the horizon, we define

V'd %(d, hi, h2 ) = Je (r + h + h2dr (3.19)
-00'

and write

i F-IC
:- MR e7p [ - /4) I

direct wave

4 exp [-i k 1 D2 ) +i / 4] exp i(P2 + 31r/4)]dd
4 2)+ RI+R2 -(dhlh

(3. 20,'.
reflected wave

3-8
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We note that high above the horizon (i. e., h1 + f>i d ), -

2V(-, - "/ BIR 2 i + 2 2 ID + a(D +D )o sc

2 +, / R 2  PrdYi~~ R/ 2 2DID2 1 2)o

so that U takes on precisely the form obtained from geometrical optics. This

form is a generalization of the Pryce Frochafor theory which is valid well above

the horizon as well as near the horizon, The direct and the reflected waves are

distinct. Near the horizon we use the Pryce-Freehafer form

~~ mc xp F,(.;, + 37r/4) -'1u - /-1  exp - i(kR - 7r/4)] -L d4 (d, h, h
2V7 

' (3.21)

which involves the total field.

For points below the horizon, the concept of reflected waves (and, hence, the concept

of an angle of incidence a ) cannot be directly employed. How .,er, if we introduce

the concept of virtual angles ofincidence and reflection as illustrated in Fig. 9, then

Lhe results can be extended into the shadow region just below the horizon. In this
case we observe that a exceeds 90' and hence p =(ka/2)/

3 cos ( (ka/2) ' ( -/2)

is negative.

II

jFig. 9 Definition of Virtual Angles of Incidence and Reflection

LO 9L
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For points well belowv the horizon, another fori is required. In, this case the phase

of thle wave is 01 the order of (T IS 1 T,)) where these quantities are dlefined in

Fig. 4. We replace

(- 0~ To

by

wher e
1/31/

(k.",I 2((v -7T~/2) (ka/2) /('S /a)

We then define

(3 3 1 :32

andI ('X])x's5 Ill~ the forml

1 /3 oxp 31 /47
ex fX)-ij( TK 7f4 2I IT) (d,11 ,)2 k 2______

OX)iFk( .T) 12]l 2 x~q e13 Cpi'T 1) 13 (1) )u (
exp 7T 2 ka/ ~il in I ill 2

cl ~ ~ 2> 1/3 1 22

This residue series representation CmII be usedl ndc b low t ± hrizon Onte

horizon this represtentation agrees with the representation previously given for points

oti and above the horizon. lP'or points far below the horizon, the first termi of th-e

residue series provideCs a suitab~le representation for (1

LOCKHEED AIRCRA FT CO)RPCRATIO)N MISSILES and SPACE DIVISION
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The original work of Pryce and Freeho:[cr only dealt with appl ica-tionls of thc

diffraction formula I) I'd, in I I,)fr the geometrY which we have depicted in

Fig-. 2 and referred to as the '-radio problem'. The present theory which has

The Fourier integral

TI (r, q); r1 0; ka, Z) e fxp - (.kr)

Il0),(ka) - izfi H1)(ka) (.2

-( ) (2

wvhich behaves like

2defined

U 7-11
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ka -. (J /3 i " 1  T

q H~~TI(ka) - ~1/3 ) 2 2/(

q =-i (a Z H (1) (ka) - -a L Y! ( T )

/3 ((2) : i, 2 2 2/3 ,

= /8r 1 -. a) ( - \ Y (r)

(3.24)

1/3 (r2- '(2)(kr) - (l 1/3 (T
2y (r Y2

- )1/3 k(r a) i 1/3 (

(u H lk ) (T. i C)

we find tat

J(r q; r 0; kL 1 ...2 ; .' ) -87 f / (-ilCad I) (i r) Y2(T ) Y (r t:

, Y 
1

(T) (t)Yl(T (t l() y2r*.r Yv (Tr+ T d
Y,' -() V(T) Y2 (T 4 t 2 2

,1 ~ x 1x)-m) a -4 ()) ;, ( 23. 25)

This result is valid only for very small heights

h 1 - a <<2a h, - r a << a

This result is essentially the reso,.lt of van der Pol and Bremner, Prycoe and Freehafer,

Burrows and Gray, and others who have studied the "radio problem."

8-12 !
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The "opticq problemll sdA rt8 C17om- the- FOUrier iit It~a

if( 1)(ka) I iZ .1 (2) (1(a) }
U1(r, 1)ka, I) fexpLiG i (p'r /2) ij1(1 1<r - 1)__ __)_ - .- H'I (kr) d v

(3. 26)

For r a. it reduces to 'ty() ci(3 )

I exp 72 fia( OX Q~ -.)T(-7

Iwh P.re
I (!~ )1/3(

Fo Pr 1 , " it i,9 cimturym ry to use' the! nsym j~otic estimate

If (k r) 2 CXpE i (1, r , i/
4 ) i!, 7,/2 13 8

vWe then find that

U(t7, r(P kI Z)--- r 'x)(ik"e c~os 1 )) x e1) 4)ik xp[-v(~~*~

( 2 ) ( i 1 k) (IV (3. 29)

I (10) - 17' Ila(kal)

uw 2 q~~~- CX[)-i (kr- iT/4) exip[-ika(d)- 1r)]

'Y
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where

The distinction between the asymptotic estimate obtained for the "radio problem" and

the "optics problem" sterns from the use of two different asymptotic estimates for

the Hankel function, namely

H( 2 )(kr) ____ - (2/ka) /3 (p: r a a qu Y2(T +

H- 2 (kr) exp -ir - '4' + i, ' v 2 r (3.30)H (rp r irrep iO i, r

In the present work we employ an approximation o' the form

11)(kr) -()l/3exp -ik(T-a a) + i(ka/2) T'.+ i (T

r, k(3.31)

where

-12> 2/3 2 2 2
cos a/r , T r a , (ka/2) (r q )/a 2

This result has the advatage o leading, when r- a and r - o to the forms given

above for these eases. The use of this approximation leads to

U(r p; r, 0ika, Z) - (2/ka) 1/3 (xp -iL(T + S + T2 ) - r/4] (2/ka) "1/3

exp[i (03 + 3 /4)] " 1 (3 32)

where

d (ka/2)1 / 3 + h- + -j

h (ka/2) 2/3 (r2 a2! 2 h (a/2)2/3 0:2 a 2 )/a 2  (3. 13)

21 (kr2 2 (.33

27 2 /2 2'T r -_a , S -: aq. , = r- a
F 1 V 8 a( 2 2

3-14
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and

3 2 (31243 = (2/3) h 1
3 /2 + (2/3) 1 (3.34)

This more general formula reduces to both the "radio" and "optics" problemns. It

is expressed in terms of the function already used in the radio problem, however

the argument has a different physical interpretation. We postpone further discussion

of this application until a later volume in this series, The remainder of this volume

will be devoted to developing properties and representations for the diffraction

integral 1)(d,hl,h 
2 )

I Ci I|

i

I 
,a

I I

I
. I
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Section 4

NOTATION FOR TIE DIFFRACTION FORMULA*

The Fourier integral introduced by Pryce in 1941

S(di, 1' t 2 ) 1/,xdfhJ exp(i-d) +Y2 ( > ijyl(Q -T) + y2 (. 1 + r) 2 ( + T)j d

- (') - 11 Z y (r)

- ) i Zy(i )SY'2 ( o

provides an analytical continuation to all values of d foy, ' he residue Series

S exp(i T )
qi(l 2 4or/vrd 'U; - m V

4 (d1,.., ) -. / Li _- ,x(i~o.,) - uml ) u
- ~ ~~ 01 '"m

2 111 o 2 In
F ij

UV I Y (T y2 (7-~

i We will now show thit this is;. precisely the van der Pol-Bremmer diffraction formula

introduced in 1938 (Rcf. 6), nmnely

F,(,,x , 2 ) exp(i i, x) (4 I)
S(X, xi, x) = 2 exp(1 r/4) lf(x)fs(x) , )2

In this section, and in all subsequent sections, we employ exp(- ioot) time dependence.

!

4-1
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I 2T ' : / 2 ,

2 'T (r/ + exp (1 ir/3) 11 (  (4.2) 

- /1--- 1  ( -T3/2/3 : s

2 /0 (kl) 11 (d/) (44)

1 //3 3

I

1 / 1 2 /

S 7/ - (4.) i

xF (k:t) /" - (1"70 1/3 (d/a (4.4)

1 ( 5 p t

-kn 1, /, 1 ( k-0-13)

Y (-- ) -- h 0 nt (

(since P- u r x iLo) b ris 1- u e o W ct) iii eowec )

4 --2 II-
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We now use the properties

I , (T) exp,(-i r,/3)1 (~T (4.7)

S(T) /- exp ( /3) T 1(1) /2 .3/2) (4.8).

in ordcr to write

.j -m (1) 3/2) -(ikhZ) exp (i /3) (1) (3 3/2) 0.
l 1/3 k ik '

H (1) + 2_3/22

S.(1) 2 3/2

m rn ( H  )

I A cornpari~on of these results with the van der Pol - Bremmer form reveals thatI

22
xj (1/V-2) , 1,2

6 i(ka)-/ 3 (Z) = i2 (kh )- (Z;

f (x,) = (ka/2)1 / 3 Z U0

I ___F(x, xi, x 2) "- r exp (in /4) i$ 1 2)  (4.9)

van der Pol-Bremmer Pryce-Freehafer

IH 4-3
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The notation y (T), y.4(T) employed by Freehafer for the Airy functions differ's

slighitly from that or Pryco who defl ed

'oo

fI I e-~: -7r I ePi 3 -3 i XT) dx (4. 10)

g(T) -i Cos - Xd (4. 11)

We easily observe that

Yf (T) - (T

-i gV g() -. T,) y y 2 (T)

Pryce Froehafer

The FoLurier integral

P~t j> (?'X 1) ~ (i T) L g(T )~):( f(T )Jf(T+ d7-

-~ (4. t 2)

which appears ill Pryce's work is ictdn1tieal wvil.11 Freehafer's,

F~ ~ k(T 1 ik Zy (T)

2 Yq(T) '-ikll Z.Y(T)2 <) 2T

except for a normnalization factor

LOCKHEED AIRCRAFT CORPORATION M~iSSLES SPA CE DIVISION



The notations of Pryco vnd Frovbim for have not been accepted by iater writers.

For examp11le, in the July 1959 issue of the Transactions of the Professional Group

oil"' ltennuvis and Prpa tion of the 1. R. E., Tukizi (Ref. 11) has employed an integral

-00

whore

li~~~z,~ +~ T) - h,)(~+ 1[s exp (-i 2irV3)-
it)( (z,(s h[ exp( - o7/3J 1,____

expi 27r/) hi(2r/ T) h s

h (s) (3/2)1/3 H~7 (1) S3/2)

Eq (31)3

W ex(/pr (3,/21 r/3L I x'M 2ii3 y

1,1

4-5l

LLOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISIO'N



LMSD- 288087

Tie eforo

hitexp(-i 2-g13)] -I (1-7FI( 30 (JW ) 1/2 *

and 'Pukizils u(z, ~)takes the form

u (z, ) 2 r Y (121 y >) 2\'s) - (d ~ ~ (s <j

Gs 1

If we now replace Tukizils integration variable by Ti-, whiere

T

and ropie Tukizi's imp)Odance T by

i kh Z T

we can write

Y' (T) i ik 1Z y (r
11(Z, "[3 T) ihoy (+1 Y2(Ty( + h

where

p /, 11 2 z 2 ~

We atlso definei

d k h -yr (kfr)

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION I



We en n thcm show that

T(r, , z JJex 1) id T) U(Z17 T-)d T-

1hfl ex.p(-id7-) y 1TFhfy 2 (T + h)

Y'()t I khy()di

-Ylt (T) + Ik1.h1 Z Y,(T) y (T h h<1

if we now examine the complex conjugate of Freehafer's function 'D(d, hh,

~(d, 1, h) = xp (-d-) y (T- + h >) fy(+K
Y, y(T) k ihoZ y ()

we r ti h d ,h h2 =4r h P(d, lilt h (4.14)

ITkz Freehafer Pryce

I4-7
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The integiral repr1'eenttionIS for the wan cler Pol-IBren-irer diffraction formula used

Jby Froehafer find Pryc wore apparently kmown 1to TUkizi because he cite s these authors

as references. I-owver, sin1ce no standard form for this integyral hats been adopted,

the casual reader may not be aware of the fact that the integral used, by Tukizi has

a] rcadY been used by other authors.

It is a curious foct that this cLissiual diffraction formuala is known by so many seemingly

different expressions. In contras ,t to the variety of forms used by Western authois,

aill Soviet authiors employ a uniform notation. Ia 1946, Fock (Ref. 12) had iotroduced

ain integral of the form

w()-q w2(tM
V , ,q J--Jx . t) {x 9 tV(tcw i lt - )dt (4. 151

where

1, 2 t r J .1) ( ,1 d :I- 17 TI f 31j x~ I2 I dx (41)
0 0

Later, in 1M49, Foek de~fi!ed- t nMore gC1orral hite'gral

Ixi t0 70 w2 2(t)
V( , oV~ t1-A Gi -x~i/l; I~P1A

wIt (4.17)

The deductions made by Tuk"-iz.i in Pac It I Of his palrare not correct since he assumes
in his Eq. (21) that hec can use the -'saddle point method" on a string of saddle points
which arc close together. The -saddle point mecthod'' requires well separated saddle
points-. For example, if tWo sadLCdle points aroe close together one must use Airy integrals,
or if three saddle points are cbs e, togethier one mutst 11se parabolic cylinder fun-ctions.
This vital restriction to Nvull separated saddle points invalidates ajll of Tulkizils results.
In patrticutlar, the agreement found with explerimlent in Part 11 of his pjaper is me-1rely a
coincidence. 'Pukizils criticism of the classical diffraction theory is unfounded. The
work of Carroll aInd Rling, which is cited by 'Pekivi in order to supp~ort his conclusions
has noc relation to the classical theory for a homogeneous atmosphere.

J 4-8
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Since

w I(t )  = yl(-t)

w 2 (t) = Y2 (-t)

Fock Freehafer

i we can show that

V(2 exp(ir/4) Q 1' 2)  (4.18)

Foek Freehafer

Tbe Soviet form is related to the form used by van der Pol and Bremmer according

to the following rules:

V(, 1', r2' )  
= 2F(x, xi, x 2 ) (4,19)

ix (4.20)

q (4.23)

The close resemblance between the notations of Freehafer and Pryce is a result

of the close cooperation between British and American research groups during

World War Ii However, it is at first glance,quite surprising that the Soviet

research group in the same time period introduced an almost identical form for the
i celated integrals.

I 4-9
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V1 (x, y, q1 , e fxp(ixt) 1V(t - ) v qv(t) ~ w (t -y) Lt

2\ V(t) - q w(t) 1<

which were introdluced by Fock in 1,946 and 1949), respectively.

The resemblance of the notations is duo, to the Maet thatL these authors had to employ

solutions of Airy's mnifferentinl equation

i~yx ~ y y(x) (I

(Ix2

Pryce and, Frehafor choose a -- I but Mifllr (Ref. 16) and Foqk choose a 7

The choice of I aI . automatically lixp0l a soli of natural uuits of distance which

accounts for the fact chait

x

1"reehafrr- Foek

iti wrh berigat this point that Pock employs an 'exp(-iwt) time, dependence

which, is.a common practice am'ong physicists. Howev~'r, Pryc and Freehafer use

an exp(iwt) time dependence which is a common. practice among electrical engineers.

in this report we will employ the exr)(-iwt) time dependence. We takce this oppor- I
tunity to point out that the complex conjugate oi V is to he denoted by

-0()-

(4.24)
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-here, for real Va1LtICS Of t

xv,3( xv 1

The reader is cautioned that Fooj- s detfinitionl, of w 1(t) and wv (t) have not l)Oefl
universally accepted. Thus, [or example, inWait's Electr-omagnic Radiat;on fo

- SyJindrical] Structuares (tief. t3) we find functions W (L), xv2(t) with- the properties

I Wait Fock

The. notations introduced hy Freehafer and Pryce have not been used by later authors,IIwhereas the niotations of lec have been emp140oyed by ftl recnt sovict authors

I 1 (Ref. 14) and aloby some iUlthors (Recf. 15~) outside the Soviet Union. We will
adopt Fock s notaltion for the diffira etion formula for the puLrp~oqe of theoretical

I rmanip)ulationls but when 11nn p-ca results are desired wve will change to Miller's

(R~ef. 16) notation be )caulse of the extensive. tallies , containied in TeAi~ integral

SF (t) C(t)and hase fiictis (t), 4'(t in teris of which we can write

v 5 (t) f7r F(t) sinl X(t) (4.27)

, v(t) V7r- (3(t) sin 0t)(428

A sample of Miller's values of F(.,), \(,(x), O) 4x) is given in TabI 22 As an

application of these tables, -,vc observe that

exp(i~t) w (t-Y fw (t-IK W 7r wit~)j F(t-t) F (t-t 2 ) lexp(i (b- exp(i @)

(4. 29)

11 4-11
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where

= t+ t-K- t-)(.)

1~~ + +(-~ ±(t-Q 2-di (t) (4.31)
02 ~

This form is extremely useful for com7putational purposes. We alsD o'Osei've that

Miller shows that

d x (t_ 1 2d q(tj t_2_(.32
d rF(t) d r G (t)

Therefore, %ve can write

I~~~ d4(t) 2
+i (4 !3

dt TrF2( 224

d d( t)

- I__ I__(4 34

dr(t) d

-10 05 .
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For large negative values of x these amplitude and phase functions can be

computed from the asymptotic expansions given by Miller

F (-x.) 2 1 (1-135 1 +1- 3-5 7. 9-11 1 1 .*5 7. 9.l1.15. 17 +

F! Tr x 1 /2 \ 1. 96 x 23 2! 62 6 -
3  9 /

\9.. 6 x 3! 962 x9

Gx2e_ 1 1/2 + . 13 1- ff3 5 79 13+ 1-3-5-7-9-1113-15 19

(4.36)

n 2, 19 1 1105 1 8 '8 '5 1 1282031525 1.

32 x 6144 x 65536 x 58720256

(4.37)

1 .3/2 7 1 164,3 1 495271 1 206530429 Ii ( - X ) 4-  .9 1 3 × 6 ' - (,1 -- 1 2 " "+7\ 32 6144 x 3 27680 8388608 x

(4.38)

F (r largepositiVe vUlLIes of x it i ,, more convenient to compute Ai(x)" Bi(x) and

Ai' (x), Bi (x) from the asymptotic expansions

I -1/2 -1/4 - ( 3.5 1 5,7.9.11 l 7-9.11.13.15. 7 1. +Ai(x) m x 1 +~6 2 2,.~ ~*
.21(21() 2 3!(216)3

(4. 39)

5-7 -3 1 +11 1 7.q,.11-13.15-17-1 +
1.216 2,(216)2 2 3,(216) /

(4.40)

4-14
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1- 1/2x14 C- 37 1 5-7"9"13 1 7'9 1113 15'19
Ai x) T7 e +2 1! 216 2 2 3 3

Ai'((216 '(2 16 L:g -

(4.41)

-/2 1/4e ( 3.7 1 5 -7 " 9' 13 1 7. 9 ' 11-13 " _15-1 9 1

xBi'(x) - x e f1. 21.6 2. (216)2 2 3! (216) 3  3

(4.42)

I where
2 x3/2.

hFor small values of x one can use the Taylor scries

Ai(x) a- o~y 1 -fPY 2  Bi(x) 3 312(yI + Py2)

6x + 9 " 2 " 2.58 xl0 • x+

I3-2/31/ = 0. 35502, 80538 87817 3 -'-03) -. 25881 04037. 92807

(4, 43)

The tables given by Miller in The Airy jntegrii are:

Ai(x) and Ai'(x). x 20.00(0.01) + 2.00. 8D
Log19 Aj.(x) and Ai'(x,)/Ai(x). x = 0. 0(0. 1)25. 0(1)75. 7-8D ,

Zeros and Turning-Values of AI(x) and Ai'(x). The first 50 of each. 8D

Bi(x) and Reduced Derivatives. x - 10.0(0i1) + 2.5. 7-8D
Zeros and Turning-Values of Bi(x) and Bi'(;:). The first 20 of each. 8D

Logt 0 mI(x) and Bi'(x)/Bi(x). x = 0.0(0. 1)10'.,0. 7-8D

Auxiliary Functions. F(x), X(x), G(x),-p(x); x = -80(1) -30. 0(0. 1)+ 2.5. 8D

IThe notation pD is used to call attention to the fact that the tables are given to

p decimals.I

14-15
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The availability of this excellent table makes it desirable to usc a standard form for

the diffraction formula which enables one to readily employ this data. In the 1941Iwork of Pryce; the notations

f(T) Bi(-r) i Ai(-T) 2 exp(-i 7/6) Ai[exp(i 7/3) T (4.44)

g(T) Ai(-T) (4.45)

were employed. Freehafer defined his Airy integrals to be

y- r)- i Ai(-r) (4.46)

y9 (r) =l-- - iAi(-) (4.47)

],ir) " 2i \T Ai(- T) (4.48)

whereas Fock defined

w I 1) 'i- tBi(t)+ i Ai(t (4.49)

v(t) . '-7r Ai(t) (4.51)

We'Will adopt thc. aSoviet notation as the standard forin for these Airy integrals when

using the. Fourier integral representation for the diffraction formula -

21 <
r,~211 w . .. -+r(t) -(Iw (t) tSV(. , , (., ) 6?x£ r4)I -epit ,tg)~~~._ j.. w~_ )d

,x~ w I0 .a•, - [ w(t )_wl(t <) j

- 47 J t i [ < w(t) - qw(t) t

(4.52)iI
4-16
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Thc property 2i vit) w (t) "V (t)u been usod to obtain the second formn

The residue series representations

cc

ex~~. 1t ~(t_-

V(, I' 2'q)= T exp(i ir/4) 2-,g)~~i wlt -1-4.3

= - ~fF ex)(i exp(it ) w (t w w(t

q21

exp,~ /t

where 2\ 1 T1pI 5 iw tw 1 ( v(

I .Itt (I, w - q, 0 (4.54)

have been used by Fock. We can also, oxpross thcse series in the form

V(4, 2 q) 2'i~exp(- 7/12 2 8 2x(- s/.)
a2. exp(-1 If/ 3) qAi(- a

Ai[.-a. + exp(- I /) 2]

IAi( -aS)

I v, exp[(-,/ !) (a S/2) I A[o+ep-

=2lrTexp(- I r/12)~ a

si 1- exp(I 7r/3)~ AI (- a

A[-a.+ ep(-i 7r/3)t 9 ]

UAi'(-- aS) (4.55)

4- l 7
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where ts a exp(i 7r/3) and
s s

We will adopt this as a standard form for the residue series.

We define the roots (y s by means of

5 5
Ai(- as)- 0 Ai'( s 0

and observe that, for q 0 and q ,, we obtain

0 e~xt, -l 3+ i) ,3 /2)Q] Ai[- s + exp(-i T/3 ) I
V( 11 2' 0) 21II)2 exlc([i -r/t1.))  f Ai( 3s 1 s

Ai [-f3 - exl(-i Tr/3) .]

Ai(-- )

TherootsAi [-a 4- d tXn(- i )/c)abV(4, l, L2'v °  2 o ( x)- i g 2 I t,0-I) + i) ((Y /2)4-]8
2,] AV ( - (Ys -

Al-% i (,,×l,(-i f/3 ) ]

The roots a s , Pes ',nd the turning Values Ai ( S), Ai(-p s ) can be obtained from

Miller's The Airy nt gral where they are denoted by

a -- , Ai (a) A i(- ), a = - , Ai(as) = Ai(- p)S S S S S 5

4-18
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I

Since these roots (for q 0 or q 00) are al( negative, it is advantageout to

follow Pryce and introduce a., In 1946 Miller published eight decimal

values for the first fifty roots. More recently, Hlaines and (G. F.) Miller (Ref. 17)

of the National Physical Laboratory (Tecddington, England) have extended these

f results to obtain 1 5 decimal results for the first 56 roots.

j These important tables are rupruduced in Tables 3 and 4. This work by Haines,

Miller, and their collaborators at National Physical Laboratory constitutes a

major contribution to the solution of the problem of obtaining accurate values for

t the residue series when many terms have to be employed. [Note: laines and

(G. F. ) Miller have also extended (J. C.P.)Miller's 8-decimal table of roots andI £ turning values of Bi(x), Bi'(x).

I!

.4-19
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r hle 3

ROOTS AND T'C i IN G Wi VALUES OF Ai(- a)

s n Ai'(- s)

1 2. 338110 '101 '0 7117; 40. 70121 08227 20691
2 4, 7 151 WA 11 :941 -0 N031 13690 54864
3 5. 5205; . -I +'-() 1 M520 40258 94152
4 6. 78070 V"',',I I0. 91085 07370 49602
5 7, 94413 3W ' 1 w 0. 111733 57094 41568
0 9, 02205 W 

, 
' 0, W92 28085 19499

7 0. 1U,01117 1 y "1 h ',, .A I o0.437 1l 220 60312
8 11. 9004-,2 013, 2 1811 02773 8U888 20786

I L. 911i,0 1 1'..'' I. 0 71 2 001 485 818910 12. 9230 i' , 1, 1. 01i79 3M,91 57428

I1 13. 6 1 is 90,3 .'3 3 , i'.I I 41 534 2831.1.0700
12 14. 127'1 5.017 7 135 I. LOG(O 15702 77497
13 15. 31407A .j T 1, , I L 11 ) fIl 79 32156
14 1. 1328 ;i : 1.7 ItI I. 13073 25104 93188

15 16. 90563 14 1 ,I''' , 1I4403 66732 73553
10 17. 61 3 1fo I( 1 '(.11 , ' IW 1115GO 491 16566
17 ... 0112 ','A I. I1. i1G53 47844 87525

18 ,1 .),A.W:;; 014. in. ICU51 I. , 179,11 (57299 70146

9 19. I3 1N. 2' ?GG I , 19U04 ;131 58776
20. ., : M , I. m:(lifi 07515 19823
21. 24132 n .WV4 97 . 1 0f 4 7518 11(8287

22 21. 901 i, .31 1. .0 V.' 3:138 97200
23 22. l 'iM -11<' ON D I 01:)081
24 22. ?''' (1 ..!1, ;- "1; : . , 'i,.,,1 9;3, 9 6 2
25 -:1. ., , ., .I i. ,- , .' !,' i , , - n', " :,! , ) 1.0 7

21 24, I W:4 I ,j r1'9 .5 1 .175735
27 25. lI'.. ;:,,'''I .:-" 'Nt;];' .2'; Y 1,07012 25, 1.::,: 6 . '1 0 1 504

31 27.) :,M2 :' , If I, " '$1 M ,'. 1 015604
32 28. 37102o( 1, ''', ; ) .1 8

32 28, I.3 ,, x 1 "(1 , : 2nor;% '25 1 104S
2H 21, 7 :OU n ) W A, ',;. I , ; ,6.1193 3204
3}4 211. 3,4Y W-0 (WA.:,' 1;:''9 -I. N i 2PI 07 W':1 :Sg48
35 ! 29, 9317iC :) j :. WO i &, 3 1; HT, 19H()3 775;14
36 NOit, 50:(:[ ,""I; I I 1 I D,,. 1., 1no5, ." c ,).'- a w,'l

37 31. 061Cl n,; & :m.,;, u 1, V31:'PI 111;1426 ,47702
38 31, 610!,5 'C .,". i; i o 1, ;;374: QW1 1 ,42291

3 32. I 01;'lu ' '(M QI ', i .W . ' A';, 48983
40 32. 73"I , W49 To('-(, '.,5 1 )&'71 47445
41 33. 2945h% wu V in 0,,li u I , 355.15 1 1 W0 15907
42 33. 8272 149 , i < i, ;6'06 77025 10532
4- 34, 3 2;.. 13T G'' ; M 1 575W9 26784
44 34, 81)2(07 ,w. ,1 1 . 1. i711, O00540 34239
45 35. ,:o, W 1;f'" 47- 1 .;71 711199 110084
46 35. 95471 W' , %ISM i .3m 1 n4 4065 17105

47 36.77,1 B13, 7-14'00 1 , 3;G15 10477 95955
48 l 36. 9l 0f'.l1 04 I" -i I. 39143 11072 60471
49 37. =971 AWN. 050115 1 39(24 57900 0725

50 38. 02101 W77) : & I, 4ii97 HR839 49769
51 38. 52,0"0 ' )1'U '1, ('.153 3341415 05322
52 39. 03328 21%32.1.1 1. 41021 19979 25998
53 1 N9. 53151 ll.f7 2W 1 + I . 7.O4 44110

54~ 40. 032111 7607 
1

7G . Ia '1'3983 04008
55 40. 52759 6i6i, 411 71 + 1. "00 1 ()578 16189
56J 41. (19 1 08722 32490 -1 .A'781 975,5 15052
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Table 4

ROOTS AND TUINING VALUES OF Ai'Fl)

s Ai(- 0s)

1. 01879 29716 47471 +0. 53565 66560 15700
2 3. 24819 75821 79837 -0. 41901 54780 32564
3 4. 82009 92111 78736 +0. 38040 64686 28153
4 6. 16330 73556 39487 -0. 35790 79437 12292
5 7. 37217 72550 47770 +0. 34230 12444 11624
6 8. 48848 67340 19722 -0. 33047 62291 47967
7 9. 53544 90524 33547 +0. S2102 22881 94716
8 10. 52766 03969 57407 -0. 31318 53909 78682
9 11. 47505 66334 80245 40. 30651 72938 32777

10 12. 38478 83718 45747 -0. 30073 08293 226,15
11 13. 26221 89616 65210 i 0. 29563 14810 01913
12 14. 11150 19704 32995 -0. 29108 16772 03539

13 14. 93593 71967 20517 +0. 28698 07069 99202
14 15. 73820 13736 92538 -0. 28325 27361 25021
15 16. 52050 38254 3394 +0. 27983 93053 60411
16 17. 28469 50502 16437 -0. 27669 44450 68930
17 18. 03634 46225 04393 +0. 27378 13856 46685
13 19. 76479 84376 65955 0. 27107 02785 76971
19 19. 48322 16565 67231 +0. 26853 65782 82176
20 20. 18863 15094 63373 -0. 26615 98682 15709
21 20. 88192 27555 16738 +0. 2(;392 29929 60829
22 21. 56388 77231 98975 -0. 26181 14056 94794
23 22. 23523 22853 48913 +0. 25981 26701 51466
24 22. 89658 87388 74619 -0. 25731 r50753 32572
25 23. 54852 629,59 28802 40. 25611 23337 79654
26 24. 19155 97095 26354 -0. 2543D 33426 46825
27 24. 82615 64259 2)155 -0. 25275 19925 76574
28 25. 45274 25617 77650 -0. 25118 20133 88409
29 26. 07170 79351 73912 ±0. 24967 78484 21125
30 26. 68341 03283 22450 -0. 24823 45513 98365
31 27. 28817 91215 23985 +0. 24684 77011 60296

32 27. 88631 84087 68461 -0, 24551 33306 87119
* 33 28. 47810 96831 02278 ±0. 24422 78676 45060

34 29. 06381 '11626 38199 -0. 24298 80842 90143
35 2). 64307 '18146 3 2016 1+0. 24170 10550 23721
36 30. 21791 81244 68575 -o. 24063 41202 44844
37 30. 78675 5648 0 1 250. 1 0. 23951 48554 15564
38 31. 35038 5370 83035 -0. 23843 10444 66267
39 31. 90899 29584 30463 +0. 23738 06568 33468
40 32. 46275 27462 38480 -0. 23636 18275 53143
41 33. 01182 87766 34287 40. 23537 28399 36488

* 42 33. 55637 56097 89422 -0. 23441 21104 38024
43 34. 09653 90948 09138 +0. 23347 .41753 92842
44 34. 63245 70546 35866 -0. 23256 96793 53833
45 35. 16425 99025 53408 +0. 23168 53648 03788
46 35. (9207 11985 10469 -0. 23082 40630 5323;
47 36. 21600 81523 35199 +0. 22998 46861 64426
48 36. '(3618 20/99 46803 -0. 22916 62197 66428
49 I 37. 25269 88178 54148 +0, 22836 77166 46281

g50 37. 76565 91005 38871 -0. 22758 82910 18357
51 38. 27515 89047 30879 +0. 22682 71133 87800
52 38. 78128 97640 80369 -0. 22608 34059 36628

53 39. 28413 90572 98596 +0. 22535r 64383 68475
* 54 39. 78319 02724 68233 -0. 22464 55241 61432

55 40. 28032 32499 03719 +0. 22395 00171 79277
56 40. 77381 44056 64866 1 -0. 22326 93086 02652

4-21
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In V'ig. 11 we depict the behavior of Ai(x) and Bi(x) for real values of x .The

envelope curve is ± F(x). Vertical lines are drawn through the z eros of both

Ai(x) and fli(x) in order to illustrate the property that-. a zero of one of these

functions coincides with an extreme value (maxima or mnitma) of the other function.

In the inset we give a smiall table of values of ce and Ai'(- a. From the
Wronskian relation

Ai(x) Ri'(x) -Ai'(x) Bi(x) =I/7r (4 56)

we find that

Bi(- a) -s 7r Ai(- a

-2

F W)

A (x)

I~'! - -A / ! Ai

8B -7\16 j - I3, - i- 0 1

4-22
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I

A similar illustration for Ai'(x) and Bi'(x) is given in Fig. 12. The insct lists
values of s and Al(-Ojs . T cas avexxt" ' In"- t ase we h.v

s1

Bi'(-~s) - 1
s r rAi(-)

I
I

I' ' I(
- -::7 -53-

2 3'2 j8 1) 7 5Sq  
- 41901 5 4

S5 4 8 -cC -9, , 2 '?- 3804c' (" 7

4 6-.16330 736 -3 3S79-0 701

5 7.37217 72(l i U-3 4 ! 30 124 -- 2
6 8.4JM4H 673 -13047 63

a,

Vig. 12 The Airy Integrals A.i'(x) and Bi'(x)

I
I

4-23
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I

Section 5

NOTATION FOR ASYMPTOTIC ESTIMATES FOR THE
BESSEL FUNCTIONS IN THE TRANSITION REGION

For half a contury, progress in diffraction theory has been seriniisly hampered

by the fact that research workers have failed to use a consistent and standarized

notation for the asymptotic estimates for the Bessel functions in the so-called

transition region. This confusion is in large measure due to the fact that applied

mathematicians and physicists have failed to recognize the Importance of adopting

a universally acceptable notation for the solutions of Airy's differential equation

d2

ax xy =0 , c = constant

Although this equation is considerably simpler tha Bessel's differential equation

2 1 dZ Xkx) k2  2~-i~x
l1xj+ k 6 k)=0

dx2  x dx x

it is a curious fact that most authors choose to express the solutions of Airy's

equation in the form

l/2 a ( u  ) + b J.3/2

or

y(x) X. 1/2 H () 2 - x3 /2 H(2 (2) x3/2)I

where a and b (or c and d )are constants.

L
|
15-1
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For negative values of c , one frequently finds results of the form

y( t .1/2 e I ,fie x 3/2 + f I U x 3/2

or

2,2 /2y(x) I1 /a 2 x3/2 + x3/2

where e and f (or g and h) are constants, and I 1 / 3 (z), K 1 / 3 (z) denotes the

modified Bessel functions.

The form of Airy's equation which has been implied in most of the studios in

diffraction theory has been

-Y 2xy (5.1)dx 2 =

and the solutions employed have been of the form

o -R2x) 3/2 1.+ d 2x)/2 ( 2)
y W 1/33 L J(

The form

c2

has often been used by mathematicians. The forms

2II = 9xy (5.4)' dx2

and2 d 7r
dx 4- xy 0 (5.5)

have also been used.

5-2
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These Bessel functions of order -1/3 are introduced In diffraction thuory when

the Bessel functions Jn(x) and (1, 2 (x) are approximated by

I~,)x ex r /6 ,) - + )3 -2 T 3/ 5 6

1,2)- r /6) H(1 2) (-2 T(5.7)

-1/3
T X (n - x)

) we n x > > and Ix - v] = (X1/3). This approximation is generailly attributed

to Nicholson and/or Watson. It was extensively used by van der Pol and Bremmer

in the late 1930's9 and appears frequently in recent studies. It is generally called

the Hankel approximation. It was first used by Lorenz in 1890.

Since 1./3(z) is a multi-valued function of z and z -- 1/3 (-2 r)3/2 is a

multi-valued function of r , the use of this approximation 4equires a thorough

knowledge of the theory of complex variables (branch cuta,'Riemann surfaces,

circuitrelations, etc. ). The functions \ J1/3"), 3O- fQ (z)are, however,

.ntire functions of z and, therefore, are much easier to use. During tit -z-!ry

1940's at least three research groups recogniized the advantage of replacing une multi-

valu,d Bessel and Hankel functims of ordo- -- 1/3 by such an ontirc function. The

first group to do this was an English research team, headed by M. H. L. Pryce

(Ref. 10), who as early as 1941 recognized the desirability of using Jeffrey's (Ref. 18)

form of the Airy integrals

Ai(x) f+o .( + (5. 8)

0

Bi(x) I sin ± xt) + exp 3 x(5.9)

5-3
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L

which are solutions of

2 2
~y). - xy (X) o r (x

dx dx x~)= 1 (.0

Let

2 3/2
3 _

then we can show that the Airy integrals have the properties:

Ai(x) ~ -3 1/3) -1/3 Bi(x) /3 1/3

Bi(x) 4: iAi(x) 2Vx exp(- i Ti/6) [ I exr)( iT/3) I

x FBi( Ix~ ,4

Bi (x) - i Ai(x) Q2/3 73 P/ 2 /21"~
4-x2x

3 1/33 1/'

Bi(-x) i Aj(-x) -2 exp(±i 7r/6) L J 1/3(Q) - exr , i 1r/31 J /3(Q)

Ai (-x) - Q -J-1 B4- / i(Q) +  -

V3 2,1 v 2/ V3... ..

13i (-x) ± iAi(-x) L- ex(.i/ 2 / 3 (Q) + exp( i 7r/3)

5-4
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SLMSD- 288087IiIIAi(x) (=~ 1/ K!! 3 ( )Ix) - ,
1x

I.AI(-x) -:~A - F exp(I T,/6) H2 3 ( ) + cxp(- I 7/6) H 2 )  1
1/31/3~

' ,Ai'(-.x) = ? X p)(-i r/6) H(1} ) + exp( i ,/6) H ( )

2/3 2/3

A(x)- 2,p3 ./. x(i)]=2" exp(-i 7/6) jj1/3 t exp(t7r)

i~ ×() (2)
At(x) - - exp(-i 7r/6) H/3) exp(-li) - exp(I 7r/6) exp(i )

2/3 2v -3•

Bi(x) E iAt(x) 2 exp(+ 1 r/6) Alt exp(±i 27/r) x ]

1i.(x) + iAi'(x) - 2'exp(Ti ir/6) Ail cxp(+ i 27r/3) x

1 ' Jx (1,2)
Bi(-x) iAi(-x) - bxp(± i 27r/3) H (Q)

x'-x +(,2 (i Ai(x X(1 2)

Bi'(-x) i AI'(-x) -- cxp(+L I r/3) H 2/ 3
2  - exp(± i 27r/3) H / Q )

In 1942, H. Jeffreys (Ref, 1.8) made the observation that "Bossel functions of

order + 1/3, ± 2/3 seem to have no applieatioij except to provide an inconvenient

I way of expressing ...... the Airy integrals".

When Pryce simplified the van der Pol-Bremmer formula in 1941 he encountered

fl the functions

f(v) = Bi(-p) - iAi(-v) = 2 exp(-itr/6) Ai [exp(i T,/3) V 1

S"g(v) Ai(-p)

M5-5
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The group at the Radiation Laboratory at M. 1. T. wats in close liAison with Admiralty

Signal, Establishment (England) nd followed Pryce in introducing the Airy integrals,

but they emiployed the definitions

y2 (I)) = {7rBi(-v) - i Ai(-i1)

Y(0= -17r-JBi(-v) + i Ail-)

Since these authors had access to the manuscript tables of Miller and Jeffreys (Ret. 16),
these choices of notation imde it possible to obtain numerical results.

The Admiralty Computing Service (Ref. 10) (employing the services of rnauoy distingui!shed

consultants and research workers) computed values of Ai [- b0 + y exj'i 7/3') ]

where Ai(b )-t exp(-i 5 -f/l 2) Ai'(b ) for aI range of real values of. t and y ,forn.n
the first five values of the roots b

At the Radio Reseairch Laboraitory at Harvard Uni~vcrs ity, Furry (Ref. 19) also recog--

ni zed the valik, of rel ac log the Beqsl functions or ordeor ±1/3, LL 2/3 1by solutions

of Airy' s B (lUat.Orb. He chose ,to work with thle form~

2-, ) I xhix) 0
dx

and by cud of 1944 tahles of

dh (X) .()/3 0) 2 ( I/Z") (3)1/ /3 /

(5. 11)

had) been tabulated to eight decimal places at the points of ai square lattice of spacing

0. 1 for lx I 6-c . These tables were published In the fall of 1945 under the title

Tables of the Modified Hankel Functions of Order Onie-Third and Their Derivatives.

LOCKHEED AIRCR.AF T CORPORATION MISSILES and SPACE DIVISION
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it is easily seen [Chat,

h (x) k LAi(-,c) i iBi(-x) ](5. 12)

112 x) k[ Ai(-x) t- iBi(-x) ](5. 13)

h(x) z i(x-fi )](5. 14)

I ~h' x k* [Ai'(-x) + i B11(-x)](. )

whepre!

k' -(2)1/ exp(- i7/'6).,

k* (1)1 exp(i 7Fn/C)

The Wave Propagation Group at Coluinbt~t University was also, engaged in diffraction
studi5es at the clo se of World War 11.,I h okb coj Rf 0.teBse

Ifunctions of order 1 1/3, '-1 2/,1( wore retained. In the reports fromthis group one

finds such exp'ressio,9 as x(i /)(.6

U (X) I~ I/(x) + ixu(-i 7r/3) I 2 /(x)(51)

Pv /[ () 4- J 1 /(x)J x 2 3/2 (5. 18),

The use by Pekeris' of these forms was undoubtedly I flune byteat-hth

IMathematical Tables Project (Retf. 2 1) at Columbia University was in the process of
tabulating the tables of J :1 1/3' - 2/3' J+1/4' 'J: 3/4' 1- /31I 2/3' 1& 1/4'

1+34 which were later published in 1948-1949 in two volumes under the title

Tables of Bessel Functions of Fractional Order.

5-7
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These table,- are given to either ter, significant figures (()r ten denirnuls if flie magnitude

exceeds unity) and constitute the most accurate tables available today (1959) for the

evlato oteAiyitgasHweight they are not generally as easy to employ

integral in these diffraction problems, is not generally appreciated by contemporary
research wresThsseisgnrlyceietoheSoviet physicist VA.Fock

(Ref. 12) who has employed the solutions of

d~y~x) xy(x)
dx

which be denotes by

.0 3 ]
v(t) = JCos -+- tx) (lx (5. 19)

3
u(t) ~ Sill (0 X ) j t) Jdx (5.2f))

W (t) u(t) + J v(tl 2. Pxp(i ,/6) v Lexp(I 27r/3) t](.2)

w (t) u (t) -i v(t) 2 cxp)(-- i 7/6) vi exp(- 2 'r/ 3) t (5. 22)

In a monograph, Diffracti"on of Radio Wa ves A ruond the LEarth s Surf ace, publishedIin 1946, Fock gives tables of u~t), Wt), v (t), v'(t) to fotir significant figur-,s., We-

w~t) rtil (t) + j At (tW , (t) =I-l [Bi(t) - iAi(j~ (5.23)

1 5-8
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and, in terms of Frehafer's functions:

w 1( (t) ,J w2(t) y2 (t)

The. confusion attendant to the existence of thesc numerous notations has been further
enhanced by the fact that Koller (Ref. 22) and his collaborators axt New York
University and Franz (Ref. 23) and his collaborators at Munster University (Germany)

I have taken the standard form of Airy's integral to be

A (q) 2 fcxp[-i(i~- q T) dr (5.24)

so that

_q~~f) A A(q) 09 dq2

I They have not made use of the fact that

I A q) . Ai q)(5.2)

For example, Franz Is apparently 41Wware of the fact that Miller has published

values of o. , Ali. Ai(- s~ and' has computed the ir,; 9ve values

of; qs, A (4 ,9, A~q)

K.In Table 5 we reproduce these results by Franz.

- Table 5

ROOTS ANT) TURNING VALUES FOR A(q), A'(q)

1.469354 1, 1668- 3-37 2134 -1.059053

4.684712 -0.91272 5.895843 1.212955
6.,951786 0,82862 7.962025 -1.306735,
8. 889027 -0,77962 9.788127 1.375676

10.632519 0.74562 11, 45 7423 -1.430780

5-9
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It is easily secn that

q s f~ A'?j s l(

and therefore the first fifty of these constants can be obtained to eight decimals from

Miller's !946 table.

Another outstanding set of values of Airy integrals has been tabulated by Ceerrillo and

Kautz (Ref. 24) who define the Integral

IAh 1  (B) yLfemp [4i(T 3  Br)] d T (5.27)

which, except fbr the factor (1/7r) is identica3l with Franz's integral A(B) .These

authors give values of I Ah 1 3 (B)f and arg I Ah 1 , 3B for 113 = (.)*

flarg 6(7. *1800,. with an accuracy of sever, decimals. They also list the
Ifirst twenty valuds of q tso lob etoe htI rpr1Lbihdi

the PhilosophicalMagazine in 1946; Woodward and Woodward (Ref. 25) have given

'tables oC the real and imnaginnry parts of Ai(z), Ai (z), FBi(z), FBi'(z) fol' z - x + ly,

x -2. 4(0. 2) 2. 4, y - -2. 4(0. 2) 0, to,, an a cc u ra cy of, four decimals.

Somp cur-rent resewrch, groups h.,vo, ignored thie simptification introduiced in the

*notation by Pryce i n 1 94F, andscontinue to, write the diffraction form-ula in the form

Ir23(4 1 /,2 f s(11 )f s(h 2). 3 IIF=' 27r /ka) 1/3( Q 2 -- expj1 (k a)I/3a.+'L~~ 1 - [ 2,s - /', JJ
(5.28)

1 5-101
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a2/3 2h1 / 2h/

f(h 2 ) a) -2 H k ) 3/2 s

f (h) I (5 22)

exp(-i 7r/3) H23 1. 2'rs) 3/21(
2/33 S (5,30)1/313 3/2

1/3)2 e s

i k 2 /k 2

e ( a)1/3/ 2A2 (5.3)
(k 1  12/ 1

The roots r and T defined by

2T )3/2 0 = ,(5. 32)i H2/)3 3 ( 2s,o 00 0 e"

jp 2 (  3/2 = 0 6 = 0 (5.33)

have the property that .

7 _e_ 3 ixpi/3/3
s,o " s 4, i /3)7t,3o =T 6 , - 's exp(i 7/3)

l, (5.34)

where a s and fls denote Miller's roots. A recent (195G) research report (Ref. 26)

i lists the following results obtained from Miller's table by dividing a ' by

L

.1 5-11
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'able 6

TAiii OF 13)REMIVIM'S CONS'LANTS IT 91

TJi5 ,i o IT s0T s
0 1.85575708 0.808616516 25 19. 45 3898 19.20085366
1 3.24460762 2.5780961$ 26 J 19.95428298 19.70453341
2 4.38167124 3.82571528 27 20.44852842 20.20185516

3 5.38661378 4.89182029 28 20.93687144 20.69312830
4 6,30526301 5.85130097 29 21.41958427 21.17863681
5 7.16128272 6.73731638 30 21.8961791 21.65864212
6 7.96889165 7.56829093 31 22.36910440 22.13338559
7 8.73747153 8.35580960 32 22.83635881 22.60309063
8 9.47362183 9.10775848 33 23.29888096 23.06796458
9 -10. 18220685 9.82981304 34 23.75685692 23.52820029

10 10.86694205 10.52623016 35 24.21046034 23.98397750
11 11.53074627 11-20030653 36 24.65985356 24.43546415
12 12.17596542 11.85466121 37 25.10518866 24.88281736

13 12.80452070 12.49141870 38 25.54660838 25.32618449
14 13.41801060 13.11233258 39 25.98424688 25.76570393
15 14.01778319 13,71887155 40 26.41823048 26.201,50586
16 14.60498862 14.31228141 41 26,84867830 26.63371297
17 15.18061824 14.89363039 42 27.27570281 27.06244101
18 15.74553413 15.46384328 43 27.69941041 27.4B779937 i
19 16.30049193 6.02372745 44 28.11990179 27.JW89158
20 16.84615869 16,57399308 45 28.53727244 28. 32981568
21 17.38312698 17.11526902 46 28.95161299 28.74466471,
22) 17.91192624 1764811.556 47 .29.36300957 29. 15752704
23 18.43303197 18,1.7303452 48 29.771,54409 29.56748664
24 18.94687327 18.69047771 [49 30.17729458 29. 97462349

In Table 6 We reproduce these tables for the convenience, of adherents to Bremmer's

n'tattm'n. Although this is a simple step to carry out, it would have been unnecessary

if the natural units proposed by Pryce (Ref. 10), and used by Freehafer (Ref. 8) in

Vol. 13 of the Radiation Laboratory Series mnd by alJ current Soviet writers (Ref, 14),

had been Employed. These units have been defined in Section 1 to be

1/3 )1/3
do 2\_ 2 ___ 1ho (5.35)

0 \C ' I1

5-12
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I
We then write

d d, h 1 = 1 ho h2 = h0 (5.33)

The normalized impedance is defined to be

k13 k
q iQ ) -I(k2/ -- (5.37)

k 2

The diffraction formula then takes the form of Pryce and FockI

F = exp(i r/4) 2 exp )f ( t 2 ) t( , 2 q) (5.38)

s-J t-q ---
Bremmer Fock

At[ a + t exp(- 1 7r/3)] _ , W(t,, ) 5~
i f a ) =s __(5.39)

s AI(- a) w1 (ts

I
At'( a) + qexp(i 7r/3) At(-. as 1 0, or w (t q w )(t 0 (5.40)

where
t a exp(i r/3) = 2 r (5.41)

S

Fock Bremmer

5

|
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Section 6

HISTORY OF NOTATION FOR TRANSITION REGION FORMULAE

One modern writer has accepted Fock's normalization 'although the notation of

van der Pol and Bremmer should have a historical priority.' It is a curious fact

that the normalization of t used by Pryce, Freehafer, Furry, and Fock acLually

has the historical priority. Pryce is the only modern author who is apparently

aware of the fact that in 1510 Polncare' (Ref. 27) had indicated for the special

case t! = t2 - 0 that the diffraction formula should be of the form

7-R sexp (i t ) (6.1)

g where t denotes the roots of

F [t cxp(i 4 n/3) =(6.2)

and"

F (t) =Jexp itx - li)dx 2f cos - tx) dx

-00 0

*~~ 364
A( - - )+ A, 1 4 + (6.3)

A = - 1, (1) 1, A 31/6 r

is a sollution of Airy's differential equation

d F I tF 0 (6.4)

I dt 2

U 6-i
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Unfortunately, Poincar3 did not determine R5 explicitly. The brilliant analysis

of the problem given by Poincar6 is marred by the fact that the significant results

are hidden in the difficult style of writing.

Poincare showed that

F (t) , exp(i 2 /3) F [t exp(i 2r/ 3) xp(i 4,/3) F [t exp(i 4r/3)]

(6.5) 5

were all solutions of Airy's differential equation. He showed that

F(t) -- V-?/4 cos (2 tq/ 2
- F (t)t- 7(-t) 1/4exp[ - 2 /(-t)2

I
Poincare sought to evaluate the infinite series

co21)2x f~l~) 2 ( )An 0
P n(n+ 1)(2n+) d DHn+ 1/2 Pn(Cos0)= AnP (Cos0)

4 7rco 2p 2D 2n=l WP n±]/ nw ~~p) 1111 = (6.6)

for wp ">> 1 and AD wp. He showed that for n in the vicinity of wp,

___ -wi 2 2 (wp) ____2 2/

A n(n'- 1)(2n t 1) 2  n i exp(i (WP) 2/3

).P d(w I) Ivoip i i /?(Wp)2

n F Et exp(i 4 i/3)]
(Lp F"[t exp(i 47r/3)]

(6.7)

where

( .2/3 2 22 (Op n) (6.8)

6--2
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The Logendire polynomial was replaced by the approximation

Pn (Cos 0 sin 1cos 0 + - -- 1 (6.9)
n wVvn sino 0 2 4

The series was replaced by an integral which had poles when

1/3
= - t (6. 10)

where t denotes the roots of

-Ftexp(i 41/3) 0

£ However, Poincare did not evaluate ts, nor did he complete the analysis to show

that the residue of A at these poles was

In exp1i ir/6 2/3 _(
Res A n  (-1) :2 61 t.n :2 ex~ r6.(2 L_ (.1.

p

At the pole, the Legendre function can be approximated by!

P. (os0) 1. () 2-) exp(- iwpO + i r/4) exp,it 4) / 3 0

j 2s 
2 

si n,
(6.12)

However, Poincar" did not complete the analysis to explicitly evaluate the coefficients

R in the asymptotic result

- R exp(it
1 ka--oo =I

| 6-3
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In fact, lie did not go so flr is to a -ssert that

R K/t

00-0

s -"- K exp(it s) (6. 13)
S=I S

where K does not depend on s . However, it is quite clear from Poincares paper

that he was interested in methods and not in explicit results. Throughout this paper

he makes frequent use of constants which are never explicitly evaluated. For example,

he writes

I-Jn(x) K x I/
6 F(t) H() (x)o K1 xl/6F [t exp(i 47r/3)]

x 2/3 n22 21/,

x

but does not state the definition of K l and K' However, since

H WF U() x 1 V expli 4 r/3 ) x /oF' [t exp(i 4 ?V:3)]

the constant cancels out when using the quotient

rfx H 2)(x) 3 F t cxp(i

-5J-i ~exr( i1(~ 4x) 2 'epi4/31(.dVn [tXd H 2) WF' [t exp(i 41T/3)]
dxI

This paper is made even more difficult to read because Poincar6 generally suppressed

the arguments of his ifunctions and one has to follow the derivations very closely in

order to know what arguments are implied. A number of unfortunate printing errors

further complicates the re.ding1C of this paper. In spite of the objectionable

i -4
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characteristics of the paper, it represents a very thorough study and the careful

reader is fully aware that the brilliant analysis therein reflects the fact that this

research study was made by one of thc greatest of the mathem-atical physicists

of the second half of the nineteenth century. In addition to these flaults, Macdonald

(Ref. 2), Love (Ref. 28), Watson (Ref. 3) and other contemporaries dismissed

the paper as "lacking in rigour in some points of detail."1 Consequently, later

writers, by failing to read the paper, missed several important points. The most

[ significant result which escaped notice for thirty years is thlat concerning the three

Airy functions

F (t) ,F [t exp(i 27r/3)] F E t exp(i 41r/3)]

If we observe that 2 i-)(.6

Pohncare' 0Miller-Jefireys

1the results given by Poin!,-.rc imply the pr operties

a Wix + MW~x 2 exp(i 7r/6) Ali x ccxp(l,;2 Ir/3)]

B3i1(x) - i Ai(!K) 2 exp(-l 7r/6)Ai[ r x exp(i 2 7r/3)]

Bi', exp(i 2 r/3)
x) IAi'x) - 2exp(-i7r6A,

IBi'(x) - iAi'(x) -~exp(i Tc/6) Ai' Ex exp(-i 21r/3) (6. 17)

which, for example, permit us to., determine the roots of

13i(x) - i Ai(x)~ 2 exp(-! 7r/6) Al [x exp(--1 27r/3)]

in terms of the roo~ts of Ai( a ) 0

6-5
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Many of the concepts developed by Poincare were arrived at independently by

Nicholson (Ref. 1).

In a paper published. in 1910-1911, Nicholson showed that, for ka >> 1, the infinite

series

H i-sill 0 H m(ka) dPn (Cos 0)
He m~in- .m-n+ (6.18)a I r~ a"n - c H ( 2 ) (k a ) ] d ( c o s 0 )

Qd-,a) m

could be approximated by the series

4- 1 s 3/ 2 A  ep-(s-/4

2 Ira . (6.19)
a sis s

where p denotes the roots defined by

0 cq k if (ka) 0 (6.20)0(kat) 4
~s

and AV denotes the residue

(2)
.11 k, Ii

dX 2ik jw 4)(aj2 (6.21)V s ~k 11k a ). k ,

In order to" compute 8 and AV Nicholson wrote Lorenz's (Ref. 29) 1890 results

1rx (1,2)
'In-, Hn /2(x (x) = i v n (X) (6.22)

V x) 6 u2/3os( u'+u)du (6.23)
0 U

x~) I/3f~_ 1/[ 1/3
Wn ) -8-in(cu /3I u) ± exp(cu -u) du (6.24)

6-6
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where
(/) (1/3 ) m (6.25)

1/3 .= ( /X) (m n x) , m - n + ( . 5

in the form

ka + (6.26)

6

2k)~ j 1' (6-97)

00 3 00 00 xp(-w 3  + pw) dw (6. 28)
f~) -1 cos(w 3  + pw)dw 4 silJ W~ W +i

He then let p denote the roots of

df(p) - o (6.29)
dp

and wrote

Ska + kaka - i(ka) 1/ 3 (6.30)

and showed that for r a

2 5 / 6 1/ 2  -fxpV-ikaO -(k )1 3 p 0+ 1 (6.31)sin 0 s s L

Nicholson evaluated the fbirst root and obtained

ka + (0. 5192 ka)1/3 exp(-iT/3)

ka - i(ka) (0. 696)(1 + i) (G. 32)

or " 0.696 (1 + i )

5 ' 6-7
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Nicholson knew that

co

f (P) =f Cos (w3 + pw) dw (6. 33)

wvas related to Airy's integral
co

W~)= fCos IT7 (W~ 3 pw)dw (6.34)

0 
2

introduced in 1838 by Airy (Ref. 30). In 185 1, Stokes *(Ref. 31) computed (to an

accuracy of four d-echials) the first fifty zeros of W(IA) and the first ten zeros of

the derivative W'(p). The first few of thcse were

W(~ 0 ,u=2. 4955, 4,3631, 5.89 22, 7.2436, 8. 4788.

Wp 0 A 1. 08(45), 3:. 4669, 5.1446, 6.5782, 7. 8685.

With one exception (the first zero of the derivative, which should be 1. 0874 not 1. 0845),

all. Stokes' values were later found by Miller (Ref. 16) to be correct within a unit of

the fourth decimal. We observe that

f£ P) "r> W[.(2/7) 2/3 1 (6.35)

NjichoIqon failed to observe that

f~)= cos(w 4- pwdw + i sin~w I pw)dw i i.,p'- + pw)dw
0 0 0

exp(i Tr/3) fif FpC(-i 21r/3)] (3i)

so tiha",

f(p) 2 i2 exp(i 7r/3) W (2/7r) 2/3 p exp(i ir/3) 1(6. 37)

fet T- cl1/ 7 cx~ ~/)W (2 /7r) 2/3 pexp(i 7r/3) 1 (6, 38)
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I
The roots sought by Nicholson are thus given by

2/3
ps = (,/2) 4s exp(-i ir/3) (6.39)

Nicholson's 1910 vork resulted in

(P1 )3  3. 115 exp(-i r)

which leads to #1A 1. 081. This is further from the true value p.1 = 1. 0874 than

Stokes' (1851) incorrect value 1.0845. Nicholson did not seek ps for s > I

It is a curious fact that the property

f{p) = 2 exp(i 7r/ 3 ) f, [p exp(.-i 27r/3)- = 2 exp(i ir/3) f[p exp(i 47f/3)]

leads to

.!: H (  ka) -( ex6 (I ?T/3) f [p exp(i 4,r/3)
ka) I \ 1 /XI1LP-

but

f (P) F 31 W (2/,)1/ P

2/3 (6.40.)
p : - 3 t =-(r/2)

/ 3

Nicholson Poineare Stokes

I

and hence Nicholson's form of this approximation turns out to be identical with

Poincar6's form
H(2) (k2a) er3 - /

H -e') ( )/ i t exp(i 47r/3)] (6. 41)
V (ka -ka

except that now the arbitrary constant has been evaluated.a

*I 6-9
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Neither Nicholson nor Poincar6 appear to have realized the role in their work of

Stokes' values of the roots of W(p) and W'(p)

In 1909, Mvlacdonald (Ref. 32) studied this problem and used Lorenz's result in the

form

H(2)(x 1 I6 Y(#
H~ () W y(P)

Y( ) exp(3 1L - d r ex p i 
J1

(6.42)

However, by 1914, Macdonald (Ref. 2) had used the result

4 ~expri. 3 ( ) s -is S = exp(i ,/6) H x xl) i)

= exp(i ii/6) I 1,.) + (xp(-i 7r/ 6 ) H(2) (x)

(6.4.S)

to replace the Airy integrals by Bessel functions of order - 1/3, + 2/3. Thus, he

wrote (2 1/ /311
H( 2 )(x) i2x-1/332/3 1/3[ exp(.- i /6) I 1/3) exp(i '/6) 11./3( ")

2r ix- 1/3 -,/ 6 1/3 K 1/3 [ exp(-i i) j (6.44)

where
2 t 2 _ 2 1/3
23/2 , t - (v-x)

3 x

6-10
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I ij This change in notation resulted In Nieholson's 1910 result1¢h -k 2 (kchr 5/6 1/2 00 1x [ (ka)/z 80l
k. .. ex ( .... 3S -4)" S

|0

S(6.45)
dp0

:-: P =Ps

f(p) =f cos(w3+ + pw)dw f( pw)dw + j exp(-w" + pw)dw

00 - 1

appearing in Maudunaild's 1914 paper in the formI5/ - k:(ka- 6 2 ( _ )1/ 2exp[-i(ka-0 7/1-2)1

eI k 0(,/' + i)/046

2 e/3 I 3 . 2,ixk1 j exP(i 7)/)n( ) k0 0

IL

The roots p. used by Nicholson are related to the roots x used by Mandonald through

the relation

- 1 3- xW3 exp(i rr/G) (6. 47)

i and the p have the property

I= 3(x s/2)2/3 exp(-i r/3) (6.48)

I 6-11
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In this paper. Macdonald (Ref. 2) compueld the first three values of x with the

result that I

x 1 = 0.6854 , 2 - 3.90 , 3 = 7.05 1

The true value of x1 is x I 0. 685384 and hence Macdonald's value of x Is

correct. The next 9 roots could have been immediately written down correctly

from Stokes' values of the zero. For example, the values j
X 2 = 3.9028, 3 = 7. 0549

follow from the second and third of Stokes' roots since

x = /3)3/2 (6.49)

it is a curious fact that from 1914 to 1.941 every author writing on these diffraction

problems employed these awkward, multivalued Bessel functions. This is un-

doubtedly due to the fact that a 19 t8 paper by Watson (Ref. 3) is generally takon as the

basis for these diffraction studies. In this paper, Watson used the approximation

H(2)() w 3 j2 )(.0

H ()(x);zL -~ exp(-i exp 1 (w - W 33 arctg w) ~ (~3s 3  6 0

where

w x! lX V argw <

w -w 3/3 -arctg w + 0(w-7

Since

1I/3 ( 'XI- ) .

6-12
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it Is convenient to write Watson's Vm, tlt in the form

P(7x) 12 113

I where

p = xos'i-(x/3)(sin 3 T/08w
ees -,v = /Xs" CO T w

This form emphasizes the fact that Watson's form leads to the result

H2(2)(X) exp[-ix(sin-- Tees T)+ i I] (6.52)

when x is large and - x << << x.

When v Is comparable with x (or more precisely when v - x <xi/3 we can4replace w by

I~ w - 2
_fiv(-) 2 (2'/

Swhore

Also, under these conditions

- 3 -
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We can then replace the exp iv(w - w /3 - arctg w) by unity, and write

(2~) ox)(-i 7r/6 \1/3 1/2 (2) 2 -3 1(
H (x) t (1) (6,53)

x, '/ /3 L -3

This form derived from Watson's result was employed in 1938 by van der Pol and

Bremmer. However, they wrote

V x x+ x1/3

and hence

ex_~p /_) -,1/2 3/27

H1(2) (x) x l ( 2 ) (2) 3W 2 .r- HI! 2T-) (6.54)

x 1/3 1/3 3

Watson's restriction -7/2 < arg w < 7r/ 2  permits us to write

vW 3  2(_t) 3/ 2  2 t3/ 2  2 3/2-3w 3 t exp(-i 37/2) =4 exp(-i 3 /2) ,

for real values of t Then we have

1/3

H () - exp(- i 7r/6) .( 2) iT (2) exp(-i 37r/2)]

Since
e×(i7r/(") 11 1/3 exp(-i , v/2)3 ,2K1/3 [ p(- i,)

we have

( 2 2 W V .2 -4 F a X e p ( - 1 0] : 2 . -x 1 3 - 1 / / 1 " p< / r3V 3 [ e p ( - i ) ]

This is precisely the form employed by Macdonald, We are therefore led to observe

that the more rigorous (and more complex) approximation introduced by Watson is,

6-14
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before making computations, reduced to the identical less rigorous form introduced in
1890 by Lorenz and employed by Poincare' and Nicholson,

The most remarkable fact is that during World War II (when first class physicists

turned th- attenon from quantum and nuclear theory to classical wave propagation)

j one of the most significant advances was the replacing of Bessel functions of order

+ 1/3, ± 2/3 by Airy integrals. We now see that this was merely a matter of going

back to the notational concepts of the mathematiual physicisLs Loretnz, Puiieaf, and

Nicholson. The remarkable results

w2 (t) = y 2 (-t) = fBi(t) - iAi(t)' = v' f(- t) - exp(-i 2v r/3)h(H)22(12)/-p- 2 /3)2()

Fock Freehafer Miller Pryce Furry

1 -. exp(- i ,r/6) F -t exp(i 47r/3) (6.55)

Poincard

merely reflect the fact that these men chose to take
2dit 2  

ty(t) = 0t dt2

as standard form of Airy's differential equation. Therefore, we feel that the adoption

of the notation of Fock has an historical precedent in the work of Poinaar6 and rep-

resents a natural choice since Pryce, Freehafer, and Furry independently chose a

related form. The form used by Keller and Franz,

o dq2

has an historical precedent in Nicholson's
Sf(3 -f - fl = 0 (657)

fc() 3 -( pT)dT = A(-p), 3 1

c dp

I
6-15
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and Lorenz's

Q~)f I cos(u -u c du 3f (-x)= 3A(x) dQ) f 2/3 1 ' 2 3
0 udx (6.58)

However, available tables and more general usage sugge-,sts that the notations of

Fock and Miller ahould be employed.

6-16
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I

®R Section 7

I STANDARD NOTATION AND TERMINOLOGY FOR DIFFRACTION FUNCTIONS

In this paper, we use Fock's form of the van der Pol-Bremmor diffraction formula

V(,Y'Y' q )  exp(-i jr/14) -exp(i~t)w (t-y) (t-y< _.~q v_ - dt

V M Y 1 9 Y 2 1 1 <I<IV wIt) - qw w(t)-wy<t dt

~(7. 1.)

as the standard form for this function.

The case when both antennas are on the surface (y y2= 0) was considered as

*early as 1910 by Poincare" (Ref. 27) and Nicholson (Ref. 1) and later by Watson

in 1918 (Ref. 3) and van der Pol in 1919 (Ref. 5). In recognition of Nicholson's

contributions, the designation Nicholson integrals or Nicholson functions will be

used for the integrals
1co

i ,1 w I(t)
(x, q) ep- s fexp(i~t) , - - dt

2 w(t) - qwl(t)

V(X) =V (x o) e ,ir/_ exp(iQt) w  d(

02 1j, t fexP W', it)

U(x ) li ra 2i q 2V o q) e 1 !__ ' L) 3/2 .f 0 e p (i t) d

1(, ,,,

If -C00

(7. 2)

I

1 7- 1
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We observe that

V(,0, 0, q) -~2 V (4,:q) (7.3)

and

V(4, 0, 0, q) 2 v() (7.4)

If we write

V(4, q) = 2L4 W qt- fexp(Q . w t) d (7.5)

1-qw Mt

f { ~expt~ [1 + ...t) dt}

we observe that

/cc w, w(t)

Q qo 2q--( ic ?xp- Jexp(i~t) w t dt+ .

exp(-I 7r 4 f ()-~ U() + .. (7.6)
q 2q 2

Therefore, if t N 0,

V (4q,4.- 2 Q(4 (7.7)
q -= 2q24

and

V V(t,0 0, q) 0 1()

7-2
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I The designition Fock integrals or Fock functions will be employed for the integrnls

I0.

w l. _!- q w(t)
V1 xq z f xpIx ci~~f~t_-

g(x) = (x , 0) lf -- (t) dt

C11 o w1 ) Co

f~x W lim f-q V (x, q)] 00-f dtI3I -f w (t)

(7.9)

The Fock integral V(x, q) is obtained as the special form of V(x, yI, Y2, q) when

one of the antennas is on the surface (yl = 0) and the other antenna is raised to a

great height (y 2 - C), Thus,

SV(.~0, , q) -. - exp t V(x q), x 
2qY2 n  2 y Y2  ' 2

U (7.10)
II

The case in which bp)th antennas are raised to great heights was first treated

correctly in 1947 by C. L. Pekeris (Ref. 20). Therefore, the designation Pekeris

i/I integrals or Pekeris functions is used for the itegals'

(,q) fX v t) -cV(") -

2 fe4- pixt) w'(t) ( qw1(t) 2 if'7x

q(x) - exp(-i 7r/4) V (x, ) 1 exp(ixt) dt +2 ,fepxt w1 (t) -rrY

q(x) -exp(-i ir/4) V(X, 0) e w(t) 2'FL2 - W lr(t) 24;

(7.11)

17-3
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We can show that

2-/3/2 y 3/V2 x

V(":, Yl' Y2' q )  F( Yl' Y2)  (Y (Xp i )
Y1q

Y2 g :o (7.12)

where F(Q, y 1' Y2 ) is the "knife edge" diffraction field

2

× >0

i:. (7.13)

+ . 1... . . ..

(7, 14)

7-4
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If we define the modified Fresnol intcgra

K(-r- -t 4) T If exp(is2) ds K(0) 2 17. 15'

T

we can write
i x<0:

V( , y1, y2 c) exp i _2 + -1 2+

x >0

Y2 2

* 4/ ~~~2 (Y3/2 + Y3/2)1]~ ( V(,q

(7. 16)

For large values Of T

K(T) " exp + 1(7. 1)

V( ,~ ~ YQ0 4) q ... 4yy' l + Y 2 3

We observe that for. r--- , i.e., x--,

-1 K(- T) + V 2 (x, () - 2(x, q) (7.18)
T~1- -.-:c

7-5
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whore

V (x, q) 4 --- exp(ixt) , t qv(t cit (7. 19)
2J -w',(t) - qwl(t)

Also, for T- Q0 e. X~

A
1<(T)+ V,(, q)(7.20)~K~r) 2 V(,qV(x, q)

We designate as Pekeris, caret functions the integrals V,(x, q) and

P (X) - - -exp(- i ~)V(x e0)xt t
%ePlt w Mt

q(yx) - ax -)V 2 x 0) = -fexp(ixt) v'(t) cit

Before proceeding lth u aikc a te~w remarks in suppc- ftenttin nrdcd

Let us observe tha t when neither antenna is raised,(i. e.., the number of raiseld

antennas is zero) that we have the function "IV sub-zero ,i. e. , V 0(x., q). % %bon

one antenna is raised we have thc function 'IV sub-one," Ie, V (x, q). When the

two antennas lire raisedl we have the [unction, 'IV siib-t-wo, 'i. Liz V2Ax q).

The notation. V 1 (x, q)~ is already in use in Soviet papers in this field, The notations

V (x, q) and V 2 (X,q) -ri new.

The function V 2 (x, q) is finite at x =0 but V 2 (x, q) has the behavior

Aexp (i -
-V 0(,q 21 r (7. 22)

71-6
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I
The &L' has been chose so as to emplhasize singular natr of U ). t Ii

the magnitude of V 2 (x, q) has a graph with a "spike" at the origin,we have introduced

the caret to remind us of this behavior.

The normalizations of u (t) and v(t) have been chosen so as to yield the propertyi
u(0) -- v(0) = 1 (7.23)

" The normalizations of p(.) and q(t) have been chosen in such a manner that

i o2nly the real part of these functions is singular. The choice of the factor / V-
is dictated by the desire to omit a constant factor before V2 (x, q) in the important

combi ations

I 5K(±T r) + V2 (x, q) (7.24)

We will also use the nomncilclature:

1. Attenuation function V (x, q)

2. Current distribution function Vl(x, q)

3. Reflection ouefficie-t function V2 (x, q)

These names are suggested by the applications, The function V (x, q) describes

the attenuation of the ground wave at the ground due to a source located at zero

height on a convex surface. The function V1 (x, q) describes the current distribution

(tangential magnetic hiold) induced on: a convex Surface by a plane wave. The function

V2 (x, q) describes the reflection of liane waves by a convex surface.

It would be highly desirable if all future work in this field wore to be done using an

exp( -iwt) time dependence since this has been adopted by Bremmer (Ref. 33) and

Fock (Ref. 12) in their books and papers. Not only does the need to use complex

conjugate functions complicate the applications, but it also can lead to some confusing

Isituations. For example, Fock uses the function

x) . dt (7.25)g ~w) I ,- w'(t)

1 7-7
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whereas Wait (Ref.* 13) uses an integral

flu U(x) -j-[ OJt it (7. 26)

which can be identified as the complex conjugate of g(x). However, Fock would write

g (x) =exl)(-ixt) dt

since

W(t) w w2 (t)

Wait Fock

In previous 8ections, the various notaItions for the Airy functions are discussed i

more detail. However, we takre this opportunity to urge that the Fook and Jeffreys-

Miller notations for the Airy integrals be universally adopted, The Focl< notation

is convenient for the purpose of derivations, but the hest tnihis of the Airy integralqs

:Y are those of Miller. Howeve r, after deriving results using Fuek's v(x), w X(x). w(X),

it Is easy to obtain numerical ro~suits by noting that

v(x) Fa./ Ai(x) = Vr F(x) sin X~x)

1,(x) 1r lBi(x) i iM(C)J = r F(x) cxprix(x)] 7.7

In using the residue series we riced the r oots t s (q) of

'w (t )q qw (t,,) =0 (7.,28)

7-
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I ~ ~~~~Foe!, uses tIho 1otfiti on1w() 0(.9

Iw~t 0 ) -0 (7. 30)

a nd Miller uses

A' (a') -0 (7.31)

Ai(a)8 0 (7.32)

I I ~~~~Therefore -x~ )a 7 3

0 x i a (7.34)I s

- 3

Fock Miller

It would be better to change this notation in the following manner*: Let

a. s c -a S(7. 15)

P' a' (7.36)

The precedent alre(ady e-X!stfo SIO G c 1v ( 31 were defined in this way by Pryce

and Dumib (Recf. 10). We also propose to let t (ql) take on the limiting forms

I. (o)-(0 - xp(i 3 (7. 37)

I (C) t 0 f3expi (7.3-8)
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This notation can be confused with Fock's notation since

t~v) t 0  to .9

Fock This paper

t~o t' to0 (7.40)

FuLk ,lI6 -paper

However, the change is urged In order to let the superscripts indicate the limiting

value of q instead of the boundary condition. This change has already been made

by Wait who uses a result equivalent to

L 0 exp( ij) uvUmplex conjugate [ ].(7.41)

Wait This p)aper

Thi's is a good example of the reason why one time dependence should be used.

We should also remark that one should write Miller's values of Ai'(a 5), Ai~a' )

in the form

A i (a s Ai'(-y S) (7.42)

Ai (a' ) Ai(3) (7.43)

Also

w (t) =0 wj(to) -2 4;ep~- I~ Ai(- re (7.44)

Trhis paI~er Fock

w (to) w1 (W' 2 Vexpi) Ai(- )('7. 45)

This paper FOCI,

7-10
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I

in Soviet publications (Ref. i4) these integral. have be , defined as follows:

V(x, y,, y, q) - exp(-i x  f exp(ixt) F(t, Y Y 2 q) dt (7.46)

F
A 4,

V1(z, y, q) t Y L) q, (t, y, q) dt (7.47)

where for y 2 > Yw t

4Yt, YI) Y21 q )  w (t Y ) (t, Y-' q)  (7.48)

I I.(t ) ,.o)_ w (t - (412) -(t) - qw (t)

' W (t) qw1 (t) wsector!- w w (t-Y) - 2 2
' t  -q w (tY 7. 9

where 1, is a contour which sti:rts at infinity in the sector < arg t < 7r passes

betwecn the origin and the pole of the integrand nearest the origin, and then cnds at

infinity in the sector -. Z < arg t<

Some special eases of these intgrals bave been given other symbolic designations

by the Soviets. For example,

g(z) Vi(z, 0, 0) - 7 f exp(it) 1 -t (7.50)

yz,0, 0)-

7..r w~T M

f(z) z =, exp(izt) 1 dt (7.51)
5Y I yFo V w (t)

I
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We, also find in Soviet literature

~ q (v (tqF wl(t) -qwl(t) t(.2

and

p, d(t) (7.53)

eXP 1 4 r+ e X i t) w (t) d t ( - 4g(a) 1- (?, 0) -t) 
w, (t)

Ind Wfoo Fex

f'(4) exJ d ,,t 7.7

I F((.' f(V) (7,55)2 r '

Ig(.) 2 e+ g(R) (7.56)

The notations introduced by Fock and his co-workers have not beuin strictly adhered

to in this report.

W e follow Fock and deDIiVISIO

f ( ) . .: - e x p ( i ~ t --lt )  d t ( 7 , 5 7 )

g (r,) f exp(i~t) -: ",-dt (7.58)
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~2

In the ease of Fock's V(x, 0, 0, 0) and V 2 , , we efine

U1) ')y2

u(G) =exp -1fi 14 -(P 0 0 .0

(7.61)

-w 

I (t)S' exp(i V( 0 0, 0) (7.62)

In place of Fockls f, L, V, , g we define

~ 
t 

(7.63)
-- L fexp~~t) vt) . exp(-i ')

so t tr ' w (t) 7

,,) e-f . A++m v t exp (7.64)4 4
V2  ( ,q) =V Q , ti)

!+) e> i! ° ( - qQ)< e- i( - ) >(7 .6 )4 4
l ~so that 

,
II~~~ ~ ~ P(' . .2 " ( t )  

(7.66)

q )+ q( ) (7,67)

We have also defined a set of integrals4 
~~2 e il ( 2+ i 3 (4

SP (Q ) =x p ij > + P Q ) ( 7 . 6 8 )
P ( 4 )L 1 2 4

i (7.69)QQ Q( ) I - 1 2 4

7-13
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Whichf have lh p...rtIS
P(~ 1 i2 20)

P R ) . . i - - , 1 ... (7.70)
2 28

Q() 2- - 8 + . (7.71)

The Soviets have defined

FQ) e " (o +) (7.72)

schn K ) Cex 1) ±1 T2 R) el) 1Z4 ) (7,73)
so that

'2
P(,) = F(l) (7. 74)

2, ((, (7.75),

In this study, a set of genertilized diffra'ction into;grahL, have been defined. For these

the notations are:

1f wx1Cit) 0 d

n w(t)

K ) ]j tn exp(i~t) 7- (ItK)()-2gi w M (7.76)

E A7-14
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ff) Q~) = ft' exp(i~t) dt

r

I g~~~fl) f t" exp(i~lt) w()d

-~(n) I tr~ n exp(i t) v(t) dt (
I wj(t) (.6

We observe that

-wIV(Q) = 7 ex Q)~ ~

f(,) -f(O (0

jgQ) = g(0) Q)

PQ) o (0 Q

-Q q (0) (7.77)
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For n > 0 we observe that

d 
n

(n )( ) _ 
0 ()

dcl

d4 
n

dn

0(n)() - (0 )
d n  Q

K(n)() (n K(o)(Q) (7.78)
d( n

For all values of n we observe that
" r i tt-1 ) ( .

znr 1) (n) -(n) (

where Z( denotes any of the functions J()( ), K(n)() f(Q)(4 ) g(n)()I

p(n(, .() For 4 . 0 we also have the property

z~n)(4) f Z ln- )) d4

7-16C
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We have also defined a set of functions

Ii , , t expcljt) 1 + dtr T!''"]

Fw it)- m + I
K (n) m f n exp(iQt) I-- dtI r

orm ) we h in W (t) w  L

.(n) _ in n w (t) d

(, (t) wt(t)

Ir

t" ep twt

in W- (t)

0m

s(n)(e (tf) _ f tlepfit)(t) dt (7.79)ii m F w,, (t) .,

which also possess the property

, (n d n

I m

For m - 0 we have

j~))(n) )()K(n) ( (n)(

0 0

(7.80)

7-17
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and we define

n (,- ___
0(0 = r )) -- ft exp(i t) 2 dt

PFw(

(n) - () Q( ) In f t exp(! t) dt
0 Tr rW (t)] 2

and

r (° ) Q) r(l) f 1 J exp(i t) 1 dt
o 1?r [w1(t)] 2

(o) f exp(i~t) 1 dt (7.82)
o r w!)]2

The properties

S1* d~ ,'t (7.83)'- w"= -d '(t)t - l
cit w, W. ) / Uw\(t [ (t)1'

can be used to show that

(1)0 , s = c( .:(7. 84)

S ( )

More generally, we have

in  f n ex,),, t, . in vf -
f J ep~~t 2 cit Al r v!) [ ii t di,,r'-r Iw~t] ¢T J W (t) dt"d

p LvUiP

in
= f -v (t) it 1 1 nt'n - exp(it) dt

J 1 (t) ~ 
~ 

t

F

7-18
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so that
[r(n)( ) i A(n)( ) 4- i )(n-1)(() (7.85)

JI) Q (7.85) ii

In a s, in-iar m tnlnor vo obtain

s(n +1) ) " ($) F n('-1)( (7.86)

k 
( .6

We have also defined the functions

(n) -/2 (n) 3/2 3/2 u(o)c4)I

and

I 'w\(t)

7(.r 1,2 (11 ) v/2t) w 1  12t)
r w(t) ,

U(0) 1  fxp(i~t r t)-, w '(t)
1 % t (t)e~ ~~~~V (( 7# - t)

fo×;,(i~t) v'(t) w(

-o.

Q 1 exp(it) v j) dt

k( - 4"; w;,(t)(0v(t) dt

(7.88)

7-19
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Section 8I IALTERNATIVE RATHS OV IN1,TEGRATION

I In the last section we expressed the integrals in the form

Pryce's form Foek's form

We also find it convenient tz fllm a sugge stion made by Rice 'in 1954 (Ref. 34)
and express these functions in the formn of inverse Laplace transforms, This,

can be done by rotating the coordinate system- by defining

and by using the properties of the Airy fuinctions which are given in Fig. 13. We

then define

I exp(-i ?T/6) (.197- iQ(4/2) (8.1')

and arrive at the following forms

I 18-1

LOCKHEED AIRCRAFT COR PORATION MISSILES and SPACE DIVISION



LMSD--288087

\/ \ /

CV -

-+ +v(-r) u(T) i.v')-

CIOI

W7(t) /, w 2 (t)

-4-

A /, .'.A

45

-8-

LnQ)

v -) 1I-)~.U(T)

I . -$

Fig. 13 Behavior of Airy Functionis on the Rays ar,.r t n37rT Mod t

8-2
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(n) expni 0 ni
2'(~ = i ' a exp(xo) Ai(cy) del

717 A i N
o-i 0

(n) exp(i 717f& Ai(ro)K (i 6 exp(xa) F, da
2 7ri 0-ico

n) exp i e
f(Q)( ) a expi-_-_o exp(xa)i da Inverse

2 rr i 3. Laplace
trans form
representation

S-) ) Ji exp(xou)A- i c

1r -100

i /.n~+4 \,i Ail-exp (_i -2 -) a

(.+-7) anexp(xU) =_epr) d2) .2 Tri -I
0-l00

• n! r2'"

2 vt f Ai'(Y)

c-io (8.2)

where, for n -0 , we can take c to be any real constant larger than the simiallest

root of the Airy integral appearing in the denominator, For n < 0 the integrands

re singular at the origin; in this case we Lake u o and define the contour to be

indented at the origin by a half-circle lying in the left-ha]f piane. Ricu deforiudd the

Icontour to a form equivalent to that used by Fock, namely.
C + i,

exp(xu) ...da f exp(,t)... du

0-100 L

where L is the contour illustrated in Fig. 14 where l1. n ". denotes the roots

of the Airy functions. Ai(a) or Ai'(a)

__

8-3
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L a-PLANE

2V

Fig. 14 The Contour L

If we use the Wronskian relation

Ai(a) Bi' (a) - Ai'(a) Bi(a) __1.

and the relations.,

Ai[ exp-i a cxp Bi(i ) - Ai(a)

AiB exp(i-i-,) ex!) fBi (a) - i A(a (8.3)

we find that

d[Ai[exp(-i)c3J 1 1 exp(6)

and a Ai(a) J 27r 7Ai(,) 2 (8.4)
i and

Sd Ai'Eexp ( i  -7, l Y] 
a  exp-i )

dv Ai'(a) 27 _ 1 a u (8.5)

8-4
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For x .~0 (i. c., for 0), these results permit us to write

p(') 2 ( j xp(ya) A!~a -do

xp __Ai[exp(-i)] 

exp4 )

d 
f e x p~ x c e die 

p x ) _ _ 
' x o a

dda A AIa (o) 2 7221i

L 
L

Ai~exP-i~')j ___

xi Ai' 27 2f~rX L[A a

rx~ Ai[x ij)] __ c

~7T ex ~ e) A(ejU) d 6 (8.7)

LL

Aic p i'(c )u]# 
o' A 'a

fI- exp(x) do

R-. i~() FAex -2 r (8.7)
L L i~a3

I. siflC5
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and d exp(xd14 Al Lexp( a

Jda~ X Ai() J df ePa

urn expxa) Ai[exp (--~)~] y = R -expp T))une~~,R
x A i1a) cy-1 A i([e2p)( i 137

where (3 = ex L [ + i) If 0 Lhis inLegral I,- ro efnd

In the evaluation of these limi-ts we have used thfo properties

Ai[R exp(i5 )] - 1 exp ( R 3/2 cos 36) expF[ i(_ R3/2si-6+
R-. 24 , / r

Ai'Rex~i6] ~1/4 2xp ~3/2cs ) 3 xp[_i(2 3/2 6

valid for 6 7 r The representations

)0 exp(u5j exp(xu) CIO 3j~ = xo(xc) o dcy,
x L e [Ai(a)] 2 Iy L LA1)

offer a number of advantages over the previous representation.
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The IntegrIc-

exp(t n6) d_ A-C f0 xC A P

exp(~~~~iJ)0 fx (I 2L)fdAI[x - ~~

i[ecxp(-i-4-)] aRx ' 3 )

=exp 4

permito Ai 3osowta

A~~ exxpp

(- 6)f a o d2'Rx

27o [A1'r do Ai (a

Since~ P, 7A c exp~~ w(osevIta

- ~ ~ ~ ~ ~ ~ ~ ~ .xe p-~ ej;(() i .L.. f x ('a-1 drr
R-L AAi'())

A 4 \A) .J.L.

xx\, q - 2r2A epx)[i a1 a ()) (8.9)

8-o 1-7 7
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These representations for the integrals have the remarkable prorerty of involving

only Ai(a) and Ai'(Y). In order to justI.fy the rotation of the contours, or other

modifications of the path of integration, we need only consider the asymptotic

behavior of Ai(a), Ai (a! for - . .. a" ...... etimates V

1 [ ~~2 w3/2epi3

Aifw exp(i6)- _ ,__ exp(--i 6/4) exp- W exp( ) , - 6<r

1 .2 3/ 2 +Ai(- w) n - 5  wL / 
W (8. 10) N

are well known. The asymptotic form involving the sine is actually valid for

Ai[- w exp(i bj in the more extended region --1 <6 < . For large w and 3
fixed 6 , however, it coincides with the first. cxprcssion becausc one of the

exponential parts of the sine is negligible compared with the other. It is better to

take the result to be of the form

AiFLP ex(10)]

( - 1/4 :2 3/2

P-Aexpl(-i)exp- p xp l- -I exp < <ex

I --- < 3
223/2 3 1

sn p 4 ~ 3 P 2 3 e

(8. 11)

8-8
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\Ve ohserwV that,

.Ai(x i) Ai(x -i y) or Ai(z) Ai(z)I

hre the bar denotes tho comnplex cicjugate. Thl) 1ehavior of Ai Fr oxp(iqi)]

..a fu~nfio. of ; is slhown in Figs. 15 and 16.

(lver (R'f, :M5) has In'esvntmed the Coml)lete asymptotic expansions for the Airy

integral in a concise form. He has defined

I -2
S35

- (- 2s ,, )(-v _ ')(__. _ 5 .. 6i-j s 1
u- s' (2l(;) 5  , v u1

I l ~~d (16 -

s , (is 1I "
3 - 5 1 . .. ...... 7, 1 ,13,15,17 1

I,, M()1 1', iLi~ 3 I - 1~3~*1 -)421( 4 _"2t6).2 ,,,,,.(21(i), 42,°
Ca121 (2 91 13*57922

5S Q

M S .. 7 5 7 -13 1 -9. . 13. 15-5.191.

11( ) -,2 -9 ...r )

.G 2 . ( B16)2 p 3.(216):3

P so 2s .(22 4)

2 1 1 3'5 1 7-9.11.13. 15.17 1 (.1Q(()t~ V21 (.) (:216)a  ..,

!v S 5"7",9-13 1 , 11"-1:3."1 ") 17."19. 21. 25 1

v( 7_ 9- 1 . 3....9

2sj 371 1 89

SQ[) . (- 2s . 11216 3'. (216i)"33

(8. 12)

' 8-9
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I 2.0

I1 127/ /
1050

1.4 -9750

1.2 750

67.0

1.0 52.50

j1.8 3

0A

0 1.0 2.0 3.0Op

j Fig. 15 Behavior of Iix)I in Complex Plane

8-10
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e 2.0 i
1.8

1.6 

1

1A 135

1472.5-1800

U 0.6

0.2

00 1.0 2.03.P

Fig. 16 Behavior of IAi(x) Iin Complex Plane
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Then if z is large

1 12 1 -l/2-1 1 1/2e-4-1

Ai(-z) -1/2 -1/4 Cos r) P() + sin(- r) Q()j,(. ,_ , !o. (- > ,+ ,( - , , j(arg z <
, 1/2 1/4 3]

Ai'(--,)- -12 1/ oo@- i)R( ) + sl( - )s(o)j , , r

(8.13) I

For arg z , we use the results (with t= zI , = / I
3 (W

A!~l T x 7 x T it i!~
4 x T' exp(2)L() 2L exp(- )

(s. 14)

Ai'[t exIJ(± i2g) [ep:hl2X1~'t&ii(

____ t exp /i Y ex()M() W0

(8. 1_5)

8-12
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By closing the contour in Eq. (8.2) by a semi-circle at infinity in the left hali

-- plane (an operation which is valid when the real part of x = exp -i f) is greater

tb.at zero), it can be shown that

U(Q) I 2\ P~ exp(~ a)~ y e~p-'
44

4i .Z s)  2 s

s=S)

I. (O) exp (i ex) (_ P
S~S

000

( ) = --~~V --. l x (t6 ) - A i(_ s  2 x ( f_ s )

1 / v '- "

(8. 16)

These residue series representations show emphatically the importance of the

constants as 4s (-C, ' ), )Ai(-p)

8-13
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U

I

Section 9

ALTERNATIVE REPRESENTATIONS FOR THE INTEGRALS u(k), v(4)

iTne residue series representations for the functions u( ) and v(4) become useless

as k approaches zero. However, an alternative representation in easily found
siceth oRarithmic. derivatives

y (a) = d log Ai(c) Ai (a
U

z(ce) = c log Ai'(a) Ai (cL Af(a) (9.1)

satisfy the differential equations

|..ySd z - y2 "

da a z(%a) (9.2)

We can then show that

Ai~ Aj

Ai(a - A n a(3n-1/2)
n=o

11 -5 1 15 1 1105 1
32 572 64 4 2048 11/2

aaa

+ 1695 1 414125 1 59025 1

1024 7 655 17/2 2048 10

12820 31525 1 ± 2421 83775 1
8388608 23/2 262144 1 .(93)

9-1
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and

A-i'(aV _ n (3n-1/2)
n1=O

11 7 1 21 1 1463 1
4 - 32 5/2 64 4 204- 8

ea U

2121 1_ 495271 1 136479 1
1024 7 65536 17/2 - 4096 10

,14457 13003 1 268122561 1
8388608 23/2 262144 13 (9.4)

The Laplace transform inversion integral
c+ i .
,f xp(xa)- do!- 2(9.5epx)p+1 tp1)(9.5)

f t1 p+ I)

can then be used to show that
3n-3

u -) - -vexp i +'.2
.A e -i I

n=o Ft 2
1 (12)exi1\ 3/2 7 r12 .r 3

= 1-- 4 + eXP + ... (9.6)

4 42 32 1r(5/2)2

in Table 7 we list results for the first 22 values of An1, Bn .

S

9-2
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Table 7

VALUES OF An$ B n OCCURING IN ASYMPTOTIC EXPANSIONS

OF LOGARITHIMIC DERIVATIVES OF Al(a), Ai'(o)

n A n  B n

! -025 + 0.25

2 + 0.15625 - 0. 21875

3-- 0.234375 + 0.328125

4 + 0. 53955 0781 - 0.714355468

5 - 1.65527 3437 + 2. 07128 9062

6 + 6.31904 602 -7.55723 571

7 - 28. 82089 08 + 33.32006 83

8 + 152. 83006 7 172. 34241 9

9 - 923. 85778 4 ± 1022. 80640 0

,4 10 ± 6271,454 - 6847.767

ii 47242.09 4 510 .o

12 4 3. 910938 x 105 - 4. 190135 x 105

1.3 - 3. 529629 x 106  + 3. 756370 x 10

14 + 3.449236 x 10- 3.650733 x 10'

15 - 3. 62859 x 108 + 3.823037 x 108

16 + 4. 088748 x 10 - 4. 291192 x 109

II - 4.913293 x 1010 + 5.13D436 x 1010

18 + 6.271985 x 1011 - 6. 541735 x 1011

19 - 8.4761i4 x t0 , 8.818285 x 1012

20 + 1. 208974 x 1014 i. 254962 X. 10 14

21 - 1.814970 x 1015 + 1. 880248 x 1015

22 .- 2.860712 x 101-6 - 2. 958293 x 1016

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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These representations, along with the residue series representations, permit one
to evaluate u(:), v(Q) for all values of A. However, another interesting repre-
sentation for u(4), v( ) can also be obtained by means of the Euler-Maclaurin|

summation formula. Consider the case of v(t), for example. If we use Olvers'

(Ref. 35) relation

da1
s

we can write

v(~) -2 2ii

epk fs A(aae _ -si S=1

N- 1 -00

2'fi7exp 1exp 2 ~a) ~-ex] XA~x

wher ex 2i~) a N__+_ ep( (9.7)
N N

whereI 

.2 N P ( ) +SRM[f(N)] f(N) +M-J 12 - 24 l "720-Af() '

I df + (If

12 dN+ 720 (N3

9-4
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Let us now write ~

2 A 2d ep~'X4) Ai(x) Px+exp 4 xA i(x)1dx
aN -co a N

(_9_ xl- PL y ix dx

2v7 xP 1 2  f J~ 2 L

",Iere' 1;e, we it

24 exp j a a 4) + -~ex~ a'4

dQ x exp(

+ f ex x~ Ii(x) d2 + VT-ir) a
at (910

N

If now we use the result

n=-O

I we arrive at the formal result

ex' I nN1 - I5 _ CP-fl)Tv) zexp(i-) 21r7 exp(y) n a~ ±~(n

+ J n Ai(x)Ai(x1/dx + RM Fa, n-1 9.1

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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Thle integral

1(n) =fx~ Ai(x) Ai(x) dx (9. 12)

aN

can be evaluated by studying the generating function

If we write

J ~ ~we find that (.5

h'(t) (z - t h Nlt exlal4+ ~

Sinceyt)<x x)A)ixd 1() 9.3

we have

We can also show thnt

y~o) - fAi'(x) Ai(x) dx - (917

NN

and hence
2

h (o (aN .. (9.18)

9-6
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Since

y(t) = Ai(aN) A(a N ) h) = I(1) t (9. 19)
n=o

w cr , Thea hr i ,,iin, the differentia! equation satisfied by h(t)

The Laplace transform inversion integral form is also useful in the case of the

function

A r expxt(t) dt (9.20)

which can be expressed In the form of the residue series

00

A 1
v0 (x, q) 2i Z 2 exp(ixt) (9.21)

s=,. ts-

where

w'1 (ts) -. qwI(ts) = 0

If we let

t 8 e p (i ',) a

we can write

Ai1
xq) 2 exp a -exp ax

00

2i= 7r exp(iE) 1 1 exp(- 7 - asx (9,22)
6s=1 a -Q 2 2

9-7
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where

aQ exp(i q (9.23)

If we write

I c/oA~) =2 i x(Csexp(za) Aif(o) - QAi(a( du 2_T Q2 p z~ .....

sI,
w here

2 x = exp i x (9.25)I6
Ai(a ) - Q Ai(cus ) (9.26)

we can write

IA +1 Ai0Y
V(X, q pj exi Aid)u (9.27)

10 .0 . exp 2) f exp(za) AJL'(a)- QAi(a)

From the property

Ai'( ,j - (9.28)
Ai(a) oz -

we are lead to consider the integral

c+iI

(x, q)e - exp(i 4) 7- 4 e - du (9.29)

9-8
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This is a well-known intepral In the theory of the Laplace transformation

1 f exp(st) ds
2 ir ls+a - a exp(a t) erfc(av-)

a exp(a 2 t) f exl)(-\ 2 dX

a(t(9.30)

I
Therefore, we write

W(x, q) = exp(-") (2f-i) 1 - exp(@2 z) - exp(-x 2 )d (

j Q .rz  9.

Q exp , exp(I) )x

Let

U exp( i q V-

p U2  exp i "r)q 2 x (9.32)

* and observe that

Q Q'Z cxpl ) q exp(- 7r~ x exp(l q~ qii exp(. u) o-

Q2z 
-

and hence

W (x, q) - exp I- 21uexp(-cr 2 (933)

,4x

9-9
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Now change variables in the integral by writing

t = -iX

so that

IA 2 2 201
V (x, q) W ,(x, q) 1 + oexp(-o) f exp(t ) dt

ex i 4) + 21/- exp(-p) f exp(t dt (9.34)

This is just the well-known Weyl-van der Pol-j formula.

it is not possible to obtain. results for f(Q), g( ), p(s), q(Q) in such a direct manner

as for u(4 ), v(Q) since the integrands do not behave like a power of a as a tends

to infinity along the reai axis.

9-10
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Section 10

ASYMPTOTIC EXPANSIONS FOR THE INTEGRALS f, g, , q,

The integrals

00 00

1 ep dt A _L ' (t) dt
WO f eB i~t)+ i(t) : q B'(t)+ iA'(t)

7t Bi _i Bit(t)+ A (t)

~are known to have asymptotic expansion of the Form

3) 4r3A

g(0 2 exp( .! +j + i + +

3 3

2 +

2 12j L ~3 j(10.2)

valid for .- .In this section we ox~tend these results to include the terms

in -30

10-1
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Let us begin by using the properties

2 A )iAi(t) - 2Ai Bf(t) + Ai'(t) + Al(t)
r t 2 I Bi(t) + iAi(t) Ai(t)

I J'r Bi'(t) + iAi'(t) 2Ai(t) - B i'(t) + I A P(t) "Ai'(t) Ai'(t)

Bi (t) + i Ai'(t). Ai 1 15 1 1695 1 59025 1 2421 83775 1
Bi(t) + iAi(t Ai(t) - 2t 32 4 - 512 7 1024 10 131072 13

(10.3)

Bi (t) + i Ai(t) + + 1 21 1 2121 1 136479 1 6 2
Bi(t) + il(t) AiI(t) ItI: 2t 2  512 T8 2048 11 131072 14

Ttt 2t 3t-+ t 24 302 J

(10.4)

and

1 1 2F t) -iAi'(t1 I-4 + 1 I+ 1695 1B'} BI(t) "iAi (t) t 4 -to IVEi() ~'t]i G- ]t 4 + 256 t 7

59025 1 242183775 . -iiAi,(t)]

512 0 65536 t..3

(10.5)

1 21 1 2121 1 36479
r Bi(t)+ iAi'(t) t--4 '42 16 5 256 ,8 1024 11

S2681 22561 1 }i Ai'(t)

6 553 6 t 4 +  '' 7 Ir'T ) .i 't)

(10.6)

10-2
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to obtain the formal results

5 1 1 I( 6 59025 2421 8:3775

f) o 2 1I L - 32 4 512 7 - 1024 1) 131072 1.34)

gQ) 2 (0 - 0 32 2121364792 Q Q) - 268 2256 J1 4(Q) +

0 g) 2 2 - 2 - 5 )  512 2048 11 131072

i
t ~.exp[ ff 1KQ + + 1-6 ! KK Q±1 KQ

P(-)- 4 1 -4 25- 6- 7 12 10"

2421 8:3775 K3 .

65536 K 1

q2) (p ) + 211 2121 L ()  136479 L )

4/j 2 16 5 256 8 1024 1

2681 22561 .... +

. + G5536 L 14
t ) "

4where
co

000

f() expltt) Ai(t)dt J () exp(itt)- Ai'(t)dt

-00 
n -0

and

-

K Qn$ f cxp( t) t- n Ai'(t) [Bi'(t) -i Ai'(t)] dt
n -00

3 -00

10-3
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The leading terms come from the integrals00 3
J (P) = exp(it) Ai (t)dt = - i exp(-i (10.7)-00

We also know the integrals

000

In ( ) = f t-n exp(i4t) Ai(t) dt

neexpressed in the form 4 L
6 D1 1n

)exp )A't it M t x

A A2 &2 A4)A

K Q F: (-)~exp(-~ i ) B i~t 3 6i -i-2-+ --t5

10-4
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Since
d TIn+ 1(Q)

and

d I+ 1) A n - (2(n-i 2)1A +'-' A 1 ni- A
|d =(-1) >I tl 2-- 46

n-I+ 1 1 +1

A n + I- (2n + 8)A 2
+

9 4

i i

2 2 1

n n n A ni

A - A 1 + (2n +- 2)

n-I n 8)n+IA3 A 3 + (2n 1-8 A 2'I

An+ 1 An + (2n + 11) A3+

A+1 n An+1
= A 5 + (2n+ 14)A4

with the Initial condition

A = 0 r 0
r

- An = 1

0

10-5
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Tihe integ-ra!l

Jn(4) exp(it) -n Ai'(t)dt = - Q I( ) + nI ()

can be expressed in the form

Q) (1n+1 i x( 3 B B B nI 3
iSince

J Jn+ Q( )

d nQ))

and

d J Q[ B n+ 1- 1 Bn+l1 (2n+4)Bn+1

(-1 n Ij exp(i-) + ~ 1  2+1
dJ4' (.) .3-i + 1 2n6l) 2:.4B

n- I n - IB (2n+7) n-B 1 \- 3  "2 ..

2n-- expk-' 3 1 + 3 6

we have the recursion relations

B n + 1 B n + (2n + 3m- 2) Bn + I
In n m -1

with the initial conditions

B= 0 r O 0
r

n
B0

10-6
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Let us seek representations for K ( ) and 1. ( ) of the form

n1 n n n 1-

Q()L-iL expF-i(.j~ t201 + I-. in - ~ }K ) (N)2n+ 1/2 L 4 3 9 12

l' ( u-1 - D { 5 n Dn2 i D
S: 1 9 e4 - + J 1 + i +I 42 +D

We observe that

dKn.l -iK d+L IL

d n d4 n

We find that

I! "dK 1 ld i in4 -
+  1 n l-4( gn+ 5 ) cI+J) - 4(2n-9)Cn1

d (2n+ 1/2 43 4

i ,-i

!n dLn4 1 _-'+ 4n1 + 2 2) +1

d, (_)2n-- 3/2 NL1 1 + 2

D. un+1 4(9n+ )13Dn+lI

-2 2 +

9

10-7
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Therefore, we have the recursion relations

cn+1 n n+ n

1 C1 + (8n + 10) D + (8n+ 2)1 1 D1 +(n 2

n+1 R n+1 n+1 n n+1
C =C. + (An +22)C fl D ' (An4+ 14)D2 2 1 2 2 1 1

c1 n(1  3 +  1 D n+l D n + (8n + 26)D n+i
3 3 ' ' '2 3 32

with the initial values

C0  0 , r 0 = 0 r>
r r

c n 1 D =1 , D = 2
0 0 1

nl n n n
In Tables 8, 9, 10, 11 wegive values of A , B , C r D for n + r < 12.

10-8
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With thcse results we can write

f(4) = eBi(tt) dt 2iq 4 1 6 9 +  1 2

12320 209440 4188800 96342400 2504902400 1 15 1 + 15 - 18 I .. 21 + {24 + 1 27 '.Jri644
e4 4 276 9

+20 380 7840 J7)760 +1 458,.0 129236800 4004000000
1 + 3 7 12 '1 18 -+21

695 +8 . 4 2352 92100 3640560 .147987840
1024 315 3 6 -- +

59025 1 1+ 110 8140 520520 1+ 2048- 21 6  49

242183775 1 1  + .182 1 j
262144 427 

+  3 .3.

or

ex(ii 1 1 75 1 395 1 ~3181751
f) 2 2 6 6 i 9 16 12 1024 15

44 24 64 15-

1 201550385 1 2332126775 1
641305 L 1 +i

128 18 2048 21 1024 24

1589 56578 25375 1 23917 93186 85125 1
262144 27 131072 30

(10. 11)
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For g(P) we obtain

g( =exBf(kt) t~' d=ept 1 _1 1+ 4  28 28

I 24_ e-+-_- 2 8 0

3640 + 58240 11 06560 243 44320 6086 08000 170410 24000 +i- .15 418 i 21 + 24 + 27 +'

U
- 21 [1 + j L25 _560 131r.0 336000 9387840 2866 86400

9 215 18

95311, 21600 2121 64 3000 129360 + 552552021 _ .. +I
2 102415 L 3 6 9 12

+ 2412 00960 + 136479 21 9724 668668+
15 T. 4096 t,21 L 3 6

+ 2681 22561 1 +196+ 262144 .27 3

or

1 1 5005 1 112212 1
g(0 2exP(-i )1+ __ -v

3 1 4 64 9 (64 12 1024 15

24 33368 1 i 16102 89919 1 + 3 86598 44839 1
128 18 4096 21. 4096 24

+ 6763 07799 35425 1 51837 22434 61681:262144 27 65536 30 +"'

4(10. 12)

I10-13
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By observing that

K (4) + 12p 4 + 110 220 7480+
3 6 9

K4() = 9 expk9 12 4 3

K + 163841T exp [-i + 1 238 +
7 15 1-0 4).

-1048576v' 460!o

671 08864-- _i(1 ] 754 +K 27 .2x 4 1+ 3 .

we find that

P(Q) = exp , _12 
+ i) 1 1 10 220 .7480

2 12  4 ii 1 + -- 9-

+ 5 1 25[6 1 + 1 195 15 1 + 6384 23
2 16 9 3 "'" 2 256 15

4 L I ,

5 9025 1 1048576 1 + 46~Q +
2 512 21 '3 1

12109188751 1 36 7108864 1 + i 154+
A 29 32768 427 1 -3J

L t+

10-14
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or

A + 10 220 7480 344080

2 12 4. 3 3 6 9 12

+i199 56640 13969 64800 _i 11 45511 13600 1076 78046 78400
+ 15 - 18 21 24

14138 72959 10400 + 120F 1 + 88 7160 . 022880
27 1 9

596 24880 63029 56800 73 32380 60800 9 335 852 16,25600 +
1.2 + 15 18 21 +

42 238 42000 6877920 11230 49760

41 - i .+i 7 {3 - 6 i 9 + 1

+ 18 83544 43200 + 6o4 4600 [ 460 183460+ 46515 _+ t 2  1, 3 {6

14970320 980928000 [1 z~ i.
49 1 . 27 3., •

10-15
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or
fr-

'1 1) 2 xF 1+ '7- 20 560 220 16 01600

1115 68000 1 22874 36800 138 63185 60000 18276 69924 99200
18 121 24 2

; 27

+ 27 64468 11630 84800 +
30

(10. 13)

By observing that

LQ) -xp -iL+ + + (4 
+

2 '"

I. Q) 256 1- exp 42 +

7+ + ' "242
15 12 4)

1048576: / 3 ,~2 ' 164 +

L )=671 08864iIt7 exp[-i (2- + X)]J 1 i3 79 +

10-16
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we find hriat

A(i =F )I I + i 1 14 364 .13832
2 t33 46 9--+"

_l 123 2 +. > 212.1_L 16334 F 241

2 \12 a 32 531

I

136479 1 1048576 1 + 2464 1
2 1024 421 L

+12681 22561 1 671 08864 715-8
2 65536 27 - 1 ... . ..

r4
q()eXp + 2r + 1 64 23832 691600

i4
a( > ----'2 4 i 1+ i 3+ '- -- -6 - 9-12

428 79200 31730 60800 27 28832 28800 2674 25564 22400
P15 p18 .21 '.24

~~94168 12064 64000 l1 68[± 92 7760 695920
427 9 L4 3  6  9

+ 68397840 + 1 74012 06400 87 92573 44000 11410 58264 19200 +
12 15 18 21

(continued)

4
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67872 ± 42 43344 7193760 890 93920
+ L + 3  

46 4 12

+ i 20 16965 59680 - 698 77248 + 464 1 4383615 - .. i 2 1 + -- -  6

45 j 21 L 3 6

-3825056 + 13 72787 51232 7580 -

9 +.. + i 927 1 -

or

q() = ep pi + H2 28 896 43120 +127 5475212 2 1- 1 + i--3 -6 9 15

2190 97984 .2 08486 79936 4230 98470 54592l
1 21 24

+ I 29209 46717 600 41 52479 68861 14304

27 - 30 - •"

(10. 14)
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Section 11

SOME REMARKS ON THE EVALUATION OF f, g, P, q
FOR MODERATE VALUES OF

T The integrals

7r~ _fJ~~~);~~d - eptt BI(t) ± Ai(t) wWI0 1

j Iepi 0dgI r Blt+i i~)w1t
Iit -1'I~t

LOCKHEED AIC0F COIOATO MISCIOn PC VSO
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can be. integrated by nmaking it transfofization from- t to u where

4t - U 
2  

-t X(t + u2

ot ( t

The condition q5'(t 0 0 can be satisfied only for < 0 We assume that we can

calculate the constants c ndefined hy

nn

We observe that

0

or

ohrcrcwehv

__ F___ 2 d Flt

+ dF 2 F '(t) d

11-2
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it, we let t =t the first term vnnshes a-d wi3 obtA~n

(dt )2 = 2 F 3 t)

-t 0 F'(td

o Ir

dU _ _ F(L F,0 )

so that

1 1 F(to)
C F (to - F(to) (14

*Lot us now observe that

du {7rF~t) lu. 1~

or

d2t\ 1it~J~t 1

-I Ctj d

0 I( 0 t-t0
0

avid

. ~~ 33 _ _ ~
____d 6F'~ d2 d 6 [F'(t)] 2t

2TF 2 3 4 U 3 du/
7rF() du 7rF t) dudu 71F()irF~t

so that

II / t\F(tn) li4 t 0 (t 2

-- 0F 0I ~

I 11-3
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Therefore, 1 F" (t) +d
Cl 37 (to)  F' (to) du tt o 

= 0- r"
____- ,, 6~ F((to)

Hiher offiients can be obtained in the same manner. They become quite complex,

however. For example,
C = 7r 2 1 ,t )] F3 t 1 7 (t ( )

4 [-(t)'(t) ]/ - -j [ ( 0 -(o F"(t0)

[F (t o)1 F'(to) 1 F (t ) F (t ) 1(1. 6)
12 [ r(t 0 4 F'(to) -

We now have J
U0

(u 02)
Y r)n e e x pe i n t(t ) J c f 0 2

-00

expihp~t j f (c +c u1 ... OI U2)U

1 1 -4 -1

0 0R
-; cxIDid(tl f (c + U u + . ex 1)i7 2) du (:1.7)

These. integrals can be readily expressed in terms of Fresnel integrals. 'This approach

has not been studied further than the obtaining of the results outlined above. However,

it Is possible that significant result-- will be obtained later by using this approach.

11 -4
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some a Ireiaftinn if the difficulty in numerically evaluating these ngtgrals car,

be obtained by considering Fig. 17 where the function

exp(-i 3t) IF_ exp(-i 3t)
Bi(t) + i Ai(t) w xI p11

is Illustrated. The stationary phase point is in the vicinity of t - 9

i
I Let us now consider another way in which f(Q) or g(Q) may be evaluated. We con-

sider both functions simultaneously by seeking to evaluate the integral

U
00

V (x, q) =exp(ixt) 1(it (11.8)
1 fT w'-t) qw1 (t)

U -0O

- as a function of x for prescribed values of q . Tables of w'1 (t) and W.1 (t) are

available.

. For t - we have

i W' t .f e xp 2  t312 )

2. 3

" exp -. t
3

£ w l(t) -( 
'- ( 'k (11.9)

and therefore the integral converges at the upper limit like

i rexp 2 t3/2 ixt) ,div t1 ___+_ _ dt

Tto -t -q-

11-5
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pI

N co

110,

-- - -' --

K 0~00

:z
-j 

o-So-

IN

11 -6 I
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F onr t -0 we~ __-

W,(t) exp

I vf WI(t)

and therefore the integral behaves like

-

Because of the oscillatorynature of the integrand along the negative real axis, many

authors have found it desir'able to use another contour. Pock in 1945 proposed the

contour co exp( 2 7) to'O and 0 to c, The result is

V (x, q) 1~! f ex - 2 dt + 9- exp(ixt) d Ct
Vf7T ( w-(t) - ep ) W (t) w11(t) .qw(t)

Te first integral converges like,

I -if00
texp (i t- exp x E t) exp t3/2 K ePl) ] t

Q (11. 12)

For x < 0 this integrand has a peak in its amplitude in the vicinity of tc x2

IThc amplitude at t cis proportional to exp~- x ex [kj 8 For large
negative values of x this oscillation in the arnplitude is too g-reat to allow computation

of V I(x, q) from existing tables of w I (t), W(t).

11-7
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Asan alternative to numerical evaluation of the integrals it is propos ed that the

Poisson summation formula be employed. If we compute the sum

.n\
e0p0 x - )

S(x, q) = , x 1 i. 3

the Poisson summation formula tells us that

0

v1 xq ix >jV~+ 47r m, q) -27 < X< 2,A f1lt14)

*or

V (x, q) S (x, q) - V(x + 4T-, (1) V V(x i 87, q)-

-v (x-4 r,q) V V(x - 8ir, )- 1115

For x > 0 we can show that

jV(, q) 21fW '7 OX6(ixt 1

~ t~ - q~ .1 ( 3

where

W, (t s qw I(t) 0

whe-re the imaginary part of t sgenerally exceeds u nity. For x <0 we can bhow that

vi (x, q) 2cx(i 3

+_ _ __ jI

XI

11-8 1
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u Therefore, the series

i V (x 4 47r, q) + Vl(x + 87r, q) +

converges rapidly and can be approximated by the first term. On the other hand,

9 the series

Vl(x - 4 1r, q) + Vl(x - 7r, q) + V 1 (X-I12r, q) ...

behaves like
)[ _ - (47-n - x)

2 q-

i n-i -. 4im -x

3 We can interpret this series in the Abel sense,
EJ

00mexp i(4rm - x) 3
rli 2 rm q (1116.4 (1. q6

r l - MZ l 1 4 in x

However, a better approach might be that of computing numerically the derivative

I evalu 'ted at I 1 for the function

6ii

m=! (4irm-x) 1  47rm-x

It is also not practical to compute the part of Sl(x, q) cons isting of

-N cxpix
-1 NZ w( -n ) where N>>2x2 (11.18)

-- n-+ w'tb - qw1(.

1H-9
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It is suggested that this series be evaluated by numerically evaluating the derivative

at 1 of the function

e x [ -fp ex13 12 )
1

2Vex [IN 4:x ni I ~ ~ f (It. 19)

F~~'n 432 3/2]

We have studied the case of q=0 . The sum

Srx) x (11.20) 2? ("I~ /
S NIX) Z/7V N Wl(2 \ 2! .,n\

2 () 21T n= N Bi'( ) + i Ai'( -)

has been evaluated. However, a study of the sum

2 rm  i 14rm + (-x) (11.21)
m 11

has revealed that this approach does not readily lead to the evaluation of the limit as

r 1 from b "low.

We need therefore to study the numerical differention of the sums

G ;1exp ([47r I
[4irni_. p _ (11.27n2)

*"L ~ ~ ~ /E ,3 /21 -) 3

exP(-i ~ ~ ~ eX) j. _______

Lx p L) e x p n / i 2 3 /k 2 ( 1 1 .2 3 )
n=N, 72 -2

The practicability of this approach has not yet been determined.

11-10
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Section 12

SERIES EXPANSIONS FOR f, g, p, q

It can bc shown that in the vicinity of = 0 these functions can be expressed in the

forms

n6 f(n)(0)

11=0 n=o

I I n~o nn O

* ) 1 + p( ); ( ) =-----!q(n)
+ i

'Q n

co

~ ~id}- q(0) (21
N n=o n=o

,! n n II f n 110n

Nn
n)¢ n.In

Swhere CV 1 i' Yn 6in "-t bn , dn are real constants.

12-1
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It can be shown that these constants can he determined from the summnable divergent

series

f" (0) -~exp(.4&3

(n) exp D O5n 61)7r )0!l

21 [Al (-,a,]

q(n ) XP - (5 - 1)~ 2r(3 -

21, 7 2= A1~ (12. 2)

The series for f n( 0) and g (0) have alternating signs and can be summed by

means of the Euler summation formula. (iehf. 36). If we l et RE,, f (N) denote

the operation

RE I f(N) I~ f Af(N) F I 2f(N A' f(N)

where,; A f(N) are t& forward differences

A f(N) f (N + 1) f f(N)

A 2 f(N f(N + 2) 2f(N 4 1) + ()

etc

12-2
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we can write

(n=o exp(i 5n~1 -I i AT +(i RE{A%

(a) Ai (- E -

cxk-~~ L~ AI-S=1 A~~ (12.4)

In Tables 12 and 13 we list values of

n n

JPs=and Q (s) s
n~) Ai ( ) n p (

The reader can readily see that thc divergent series which represent I (o) and

9()()would seem, to offer no information as to the numerical value of these

constants.' However, in Tables 14 and 15 wve show how rapidly the Euler

summation scheme leads to a value for these series. In these ' tables the constants

E are defined by 1/(21).
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Table 12

N

p (s) n Ail a%

P0  Pi P2-

1 1.42610462873340 1 3.33438580053254 1 7.796i521495569

2 1.24515731912710 2 5.09014017058123 2 20.8082356808762
3 1.15579674859520 3 6.38064509973811 3 35.2247330149489 !
4 1.09787472230530 4 7.450955,25975466 4 50.5674583401396

5 1.05559200401030 5 0.38576389335443 5 66.6176285988622
6 1.02257559721180 6 9.22634258478867 6 83.2460677958597
7 0.995648892214420 7 9.99648846081186 7 100.366486949923
8 0.973009978973720 8 10.7114040013071 8 117.916751275494

9 0,953542777427160 9 11.3815014315821 9 135.849778220360
10 0.936510349281340 10 12.0142821976786 10 154.128544159948
11 0,921401816261230 -i 12.6153628643638 ii I72.723102332641

12 0.907849161032590 12 13.1890782333433 12 191.608685794672
13 0.985578920797900 13 13.7388569289040 13 210.764439994550
14 0.884382617105750 14 14.2674663200428 14 230.172542128578
15 0.874097853120910 15 14.7771783828013 15 249.817569254371
16 0.864595784623310 16 15.2698856223529 16 269.686032556043

1'l 0.855772556602640 17 15.7471842888076 17 289, 766026162499
18 0.847545293727700 18 16.2104355042324 18 310.046957107190
19 0.839837785186180 19 16.6608110704991 19 330.519334117992
20 0.832597323183450 20 17.0993284042597 20 351.174599935989 I
21 3.825772345067290 21 17.5268775962157 21 372,004996422708

22 0.819320646688550 22 17.9442426617784 22 .393.003454759989

23 0.813206009212090 23 18.3521184380805 23 414.163505126651 'I
24 0.807397130073680 24 18.751,241702632 24 435.479201686713
25 0.801866780981850 25 19.141.8145469613 25 456.945059753701

P3  P4  s P5

1 18.228241113950 1 42.61958562817 1 99.6491689879

2 85.063015484984 2 347.73330686794 2 1421.5161785-166
3 194.460246037717 3 1073.52942243739 3 5926.4834037864

4 343.186578611392 4 2329.10712946598 4 15806.9701981905 I
5 529.219340846563 5 4204.18914057313 5 33398.6401582357
6 751.100204635594 6 6776.91490229993 6 61145.7370262556

7 1007.69702702693 7 10117.4538348200 7 101581.00039425"

8 1298.08942223353 8 14290.048950768 8 157312.3512014831
9 1621. 50506710041 9 19354.3097167770 9 231013.341995145

10 1977.20068427219 10 25366.0924762816 10 325415.937470765

11 2364.83646171492 11 32378 1324856362 11 443304.845907687
12 2783.65840450813 12 40440.5159445242 12 o587512.938804105
13 3233.28566532791 13 49601.0436764631 13 760917.465529570

14 3713.30115393419 14 59905.5184093438 14 966436.807661564
15 4223..32439194199 15 71397.9764225894 15 1207028.08'755742

16 4763.00595528707 16 84120.8775815474 16 1485684.06412231I
17 5332.02307016145 17 98115.2635360721 17 1805431.97433341

18 5930.07000001405 18 113420.891089385 18 2169331.11670370
19 6556.88548195802 19 130076.345876226 19 2580471.44533306

20 7212.1896676059C 20 148119.140196935 20 3041972.09222342
21 7895,74278725716 21 167585.797938271 21 3556980.06220936
22 8607.31312903341 22 188511.928849266 22 4128669.04988055
23 9346.68106825183 23 210932.293952167 23 4760238.36171209
24 10113.6408345289 24 234880,863503181 24 5454911.92960381 I
25 10907.9934465491 2B 260390,868639860 35 6215937.40436939

I
12-4
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i
'Fable 12 (Cont'd)

n

paPn(s) m( s )
n 02

86 P7 P8
232.990460456 1 544.75672216 1 1273.69972892 5811.086271790 2 23755.42689456 2 97110.9841687

432717.506200016 3 180618.95040770 3 997117.7218135
107277.292523582 4 728059.66905078 4 4941128.44600195 265323.259045203 5 2107763.41362536 5 16744354.12788576 551696.636358108 6 4977766.12682183 6 44912645.7919007

81-,9o9&- 537.4821 7 7 102810210.406651'7776.84147698 F 19064307.4480631 5 209868991.8758449 2757378.84536928 9 32912116.8120602 9 392839538.48787310 4174688.41363698 10 53156145.6713242 10 687059836.561378
6069503.43700086 11 83100539.7568709 11 1137770128.90128

12 8535288.06941380 12 123999213.661860 12 1801439490.23335
in 11673048.5173781 13 179073378.995488 13 2747120858.5419614 1

5
591221.7100489 14 251528271.060357 14 4057826405.08766

15 20405574.5659544 1.5 34369175. 114894 1 5831D22614.8877016 26239112.1187158 16 463416833.635673 16 8184:543772.87152
17 33221993.1585573 17 611322301.320563 17 11249022727.452118 419.1452.3126980 18 793581303.361737 18 15178337945.345419 51191727.7143955 19 1015548143.77981 19 20146575987.600520 e;24'73993.55385 9 20 1283049203.68766 20 26350408633.064121 75496296.9333191 21 1602396083.78440 2. 834010583956.185322 90423498.5419490 22 1980398280.84607 22 43373430734.4745

23 107427216.742130 23 2424375844,24052 23 54712375619.348824 126685774.719706 24 2942171335.38538 24 68329472554.560625 148384150. 39980 25 3542161810.45305. 25 84556943970.1677

2 5 89 -516 9
p

430 1
1 P 10 P1

1 2978.046775 1 0.006003696299323 1 0.000000162802260
2 395984 793751 2 0-000162285376694 2 0.000066341441544
3 5.504G48.038926 3 0,003038873883149 3 0.001677628508196
4 83533996.398565 4 0.032758544465057 4 0.015445559783926
5 , 33319386.021982 5 0.105672377223542 5 0.0839475481132446 405231121 880094 6 0.365625892763175 0, 0,3298914773343217 1002232436.57503 7 1.36736424 7 1.040542048271418 2310357805.337D8 8 2.5433ai30503729 8 2.799867845416899 4688938845.24581 9 5.5967241319172 9 6.6802593160445410 8814137259.10638 10 11.3074599166192 10 14.5060878912286
11 15577767244.4p ! 11 21.328282920343 11 29,201595204073412 26171006582.5228 12 38.0207933297683 12 55.236962012646613 42142908419.8298 13 64.6504038786554 13 99.1786015344534

6543635814.8204 14 163.610422682945 14 170.37796968226815 98592340228.6257 15 166.679917100593 15 281.777388463239
16 144549683800.898 16 255,293534579128 16 450.8815729. ' 13S17 206994758819.340 17 380.893800437.556 17 700.887732806739

!18 290306666509.376 18 555.251573786866 18 U 31.9952897-1247
19 999670391315.456 19 792.871313679117 19 1572.9084108186120 54116714359..579 90 1111.41291861050 20 2282.54571073974
21 721868860753.,95 21 1532.15438111142 21 3251.97161864960
l2 94993750301,,374 22 2080,49292939657 22 4556.5640426729922 5,7,,,52.75 23 6288.4330'610,248
24 1580894945046.73 24 3685,4310042112 24 8559.1057744603325 2018506538146.99 25 4818.49089292965 25 11502.4915928982
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LMSD-288087

Tahlp 12 (Cnnf'd)

n

P1 () - 13,(14
s 10- 1 2 

P 10 -13 I03  
4

1 0.000000038064917 1 0.000000008899986 1 0.000000002080912 i2 0.000027120045908 2 0.000011086537659 2 0.000004532120546

3 0.000926144854881 .3 0.000511283808085 3 0,008282257285167
4 0.010482450554126 4 0.007114i33i97946 4 0.00482815453835
5 0.066689053652286 5 0.052978675101243 5 0.042086967227295
6 0.297649561948043 6 0.268558807410707 6 0.242311235285645 I
7 1.04472326105237 7 1.04892036796468 7 1.05313433647765

8 3.08224077192507 8 3.39309224476945 8 3.73529384413531
9 7.97356791627619 9 9,51726307431942 9 11.3598200174400

10 18.6095363114021 10 23.8737586813327 10 30,6271120974609I
11 39.9813320547232 11 54.7403969440360 11 74.9477544542350
12 90.2458663342449 12 116.579830043680 12 169.365194668144
13 152.147464086878 13 233.405699111680 13 358.061967741404
14 274.86541426363 14 443. 43171R873118 "I 715,374430"91833
15 476.362539811114 15 805.321074813282 15 1361.44633412102
16 796.315477155034 16 1406.39666208464 16 248337935167275
17 1289,71281085344 17 2373.21764474102 17 4366.98925676574
18 2031.21259734726 18 3884.97449609471 18 7430.55003450634
19 3120.35613616008 19 6190. 20303375738 19 12280.2051839807 I
20 4687.7401138453M 20 9627.36793027166 20 19772.0460208688
21 6902.25445873882 21 14649,9177114476 21 31094.2012113825
22 9979.49840714064 22 2185S.4563034343 22 47868.6502852033
23 14191.4923970414 23 32926.810713802,4 23 72276.8667171022
24 19877.8084768120 24 46164.55039261:77 24 107213.313552075
25 27458.2469459129 25 65547.1311805381 25 156471.256685168

s 101515 s 10
16  

1 10
17

1 0,000000000486539 1 0.000000000113758 1 0.000000000026597
2 0.000001852707966 2 0.000000757377050 2 0.000000309612154
3 .0262521 ~ .2289127 0.000155821822968 3 0.000086022169621 3 0.00004748916;i805

i 0003767754310 4 OG02238911323 40. 00 1509 24 126 5389

5 0.033434448993040 5 0.026560772921249 5 0.021100232826358
6 0.218628967382413 6, 0.,197261283911798 6 0.177981969161792
7 1.05736523433166 7 1.06161312953921 7 1.063P.7909038606
8 4.11200730647485 8 4,52r,7132370 '4568 8. 4.98324326860481
9 13.5590988523834 9 16.184161.4925507 9, 19,9174403453014,

10 -39.2908382913594 10 50.4053392872,800 10 64,6638844868970
11 102.614635832382 11 140.494716135119 Ill 192.358186546902
12 246.050874788811 12 357.458526841'140 12 . 519.-066927689,0
13 549.294097062733 13 842.658624067751 13 1292,70196150435
14 1154. 09104633352 14 1861. 85,874929488 14 .3003,67,610090791 rk
15 2301.61134317926 15 3891.0198972125 1 6518.015682589859 .'.

16 4386.85386562367 16 7747. 75A.264056170 16 F 13683.64132027A8
17 8035.75483730592 17 14786.6990295986 17 27249, 2009 548 21
18 14211.9527092878 18 27182.3214799843 18 519. 94227947.
19 24361.1,30553R800 19 48328. 9191298035 19 95875. 5375223542t
20 4 , 6.c39 1 '9lo I4A 20 83394. 9396419653 20 171270.063824212
2 1 65996JI9132944983 2 1 140077.3263.48101 21 297311,742645353
22 1048M8.S906200174 22 229611. 508176357 22 5C2880. 604479089
23 163111.635096104 23 368104.024318981 23 830722.913420122

24 248998.968425038 24 578267.700698716 24 1342076.44058462

25 373521.368939869 25 .891653.943416808 25 2128517,45823070I

LOCKHEED) AIRCRAFT CORPORATION biI Y L F. .orm.1'M IVSO
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- Table 12 (Concluadd)

(Y a
~Pn09 ) = - 8,_ _.

lS
n Ail(-u

10 19  10 -20.....?J! I P~q 120

I( ert$e 1 0. ( ff 000000014hf! 1 0, 000000000000339
1 0 , .5.-5 , 2 0. 00.3000517403-0 2 0. 000000021151177

2 , .4 6 7 3 O. 0 )014473073., f5 3 00000n07989946752
.'-,"  ,990568 4 0. 0' 3695147572>07 4 0.000471776365412

34 ., 1, % 94 5 0.0 .331620046. 143 5 0.'010578567539022
5 ' d'.f::03 69& 6 0,... 1489196800,t )49 6 0. 130730963875308
6 I,, 543229 7 1. ',744594835K 42 7 1.07877605374151
7,,"5338509 8 6.J390732854 101 8 6.64812850348693

8 " 4.: 603406 9 '127 5212612257 .51 9 .32. 8494202303462
9 6'. :;J ( 5503 10 10'. 422212381 7'7 10 136.,5286810 60212

lO ,hYff tJ f3. 9 136' . 58863953f :37 11 493. 699540447300

11 G76 • • 2T63 12 10f 5. 04378702 53 12 1592. 31377576067

L 1.24V- 366 13 30, 2.2288,719" 25 13 4667.00881922220
13 : ' V147 01 14 7F.7.4786664 77 14 12611.6922047265

14 " Z""79P3.943 15 18'99.999545f ,7 15 31782. 5911468691
mi a " 16 4 ,8, 910270 •,63 16 75381. 802637749816 17I l 9' 130, 81180 ' 55 17 169531. 128443430

17 ' 18 8 188. 7906- 47; 18, 363762.317152909

d. $q7O8 ' 19 3' I.q19. 5178 617 19 748531- 360631607
/ ; - 4 ,.P788 20 7 2390. 1702 627 20 1483596.74149727

I- ' I.lI89550 21 1c J9369.796: 91 21 2842789.61578402
.,/ 'i. 2' 58805 22 2 12166.905 .20 22 5282975. 40988794

I , )'17602 23 ;':30848. 14 .,565 23 9548014..32638645

1061038 24 "43518:.?' , ~142 24 16822454.7520648
16988875 25 129390.'' 71 W h 25 28954752. 8790463

• I i ' /

-M"

V ;. - . .
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LMSD-288087

Table 13

#s
Qn(S) A i(-13)

Q0 Q1 sQ2

1 1.8243067797684 1 1.86686749575401 1 1.9019514836712

2 0.734729530600078 2 2.38654668485130 2 7.7519751714933
3 0.545376134438550 3 2.62876707540296 3 12.6700181065224

4 0.453330392656394 4 2.79401454359409 4 17.2203703882971

5 0.396274159274657 5 2.92140334376780 5 21.5371032837454

6 0.356475345977321 6 3.02593624533357 6 25.6856196765035

7 0.326680840226629 7 3.11504850838729 7 29.7033863475853
8 0.303295968469470 8 3.19299695581287 8 33.6147875993167
9 0.284308719742012 9 3.26245866043183 9 37.4368978928432

10 0.268493303359080 10 3.32523274135997 10 41.1823037888756

11 0.255054580298498 11 3.38258969109424 11 44.8606451407626
12 0.243451183763479. 12 .9,4.35461859.98989 1 48.479526782308

13 0.233300043634439 13 3.48455479971613 13 52.0450916470911
14 0.224,321442178684 14 3.53041602944524 14 55,5623984043212

15 0,216305716987676 15 3.57347942495810 15 59.0356805101292
16 0.209092202768276 16 3.61409496222766 16 62.4685293046285

17 0.202555427229719 17 3.65254926896,90 17 65.8640271686516
18 0.196595781268435 18 3.68908020919765 18 69.2248465459767

19 0.191133044574795 19 3.72388747334526 19 72.5533250672998

20 0.186101788117184 20 3.75714042355006 20 75.8515235403614

sQ3 s QA s Q5

, 1,937694803978 1 1.97410984749 1 2.0112092378

2 25,179947009162 2 81.78944299457 265.6682709828

3 61.075082370159 3p 294.36705635508 3 1418.979i562076

4 106.104435481028 4 654. 13914,688t686 4 4031,6606156195

5 158-77534j968043 5 1170.51997209i41 5 8629.2807148314

6 218.032041879076 6 1850,76209508176 6 15710.1694919281

7 283.235127202149 7 2700.77412529563 7 25753,0940738873

8 353.885068161461 8 3725.58181715799 8 39221.6601,521187

9 429 590523502192 9 4929.57558639400 9 56567.1590328932

10 510.034117090283 1 0 6310.66460258433 10 78230.5543189357

11 594.951698618347 11 7890.379698691,05 1.1 104643.943254717
12 684.118937940347 12 9653.94574077627 12 136231.674343707

13 777.342220238515 13 11610.334581841.7 13 173411.228147300

14 874.452214892537 14 13762.3050496501 14 216593,928237579

15 975.299185704678 15 16112.4339283766 15 266.85.526350795
16 1079.74947926601 16 18663.1404797429 16 322586,691871706

17 1187. 68283613111 17 21416. 7062033497 17 386193.426937730

18 1298,99029231361 18 24375.2910077497 18 457397,422619877
19 1413.57251420717 19 27540.9466219294 19 536586.367666736

20 1531.33845818774 20 30915.6278486222 20 624144.218519538
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I LMSD-288087I

Table 13 (Cont'd)

I(s
Q(s) A Ai(- p )

a
Q6 Q7 Q8

1 2,049005836 1 2.08751274 1 2.1267433
862.943035468 2 2803. 00948136 2 9104.7286202

- 3 6839,620311,515 3 32967.64846829 3 158907.3363764
4 24848.36352760 4 1Z3148,10170661 4 943898.8217456

5 63616.587013302 5 468992.75582323 5 3457497.7272622
6 133355.565321433 8 1131986.94713868 b 9608856.1838702
7 245567.316484080 7 2341;54.63527677 7 22328156.3461334

a 412912,318289632 4347000.66063942 8 45763746.7005612
w9649111.353497530 9 7448589.64281914 9 85472986.8433981

10 968868.859452199 10 11999235.7843870 10 148607995.813510

11 1387810.88845610 11 18405451.8800876 11 244097132.922111

12 1922433.54094069 12 27128424.7010688 12 382822818,624689
13 2590059.21251425 13 38,684961.7383800 13 577796158.981993
14 9408798.85892213 14 53648362.8541297 14 844328738.439364
15 4397510.00635342 15 72649229.5668795 15 1200201874.197445
16 557581.59626056 16 i96376220.3835192 16 1665833579.42158

I 17 6963972.96548713 17 125576760.455467 17 2264443421.11068
18 8582970.44136992 18 161057710.329751 18 3022215471;15102
19 10454431.1391432 19 203685999.177246 1 3968459470.30966
20 12600017.,6364529 20 254389226.253994 20 513577c348.81941

9 1 010 s 10 1 1

1 2.166711 1 0.000000000220743 I 0.000000000022489

2 2957a, 937490 2 0.000009606205721 2 0.000003120285419

3 765949.126718 3 0.000369195078149 3 0.000177955690496
4 5817538.551044 4 0.003585527814336 4 0.002209870995195
5 25489286.104302 5 0.018791153526554 5 0.013853171462457
6 81564648.245885 6 0.069236043460018 6 0.058770923642637

7 212908997.273326 7 0.203018289630451 7 0.193587055748330

8: 481785183.755888 6 0.507207079886771 8 0.533970388798037

9 98080'7364.660701 9 1.12548200560160 9 1.29149697542412
10 1840475578.5144C 10 2.279.39376978170 10 2.82298094548499
11 3237269624.71769 11 4.29333786010857 11 5.69391867771661
12 5402204959.36051 12 7.62332259288608 12 10.757653170987
13 8629927143.06139 13 12.8896049821038 13 19.2518330503238

14 13288215711.1544 14 20.9132614.59213 14 32.9137120488735
15 19827939666.8082 15 32.7567553115976 15 54.1158101434047
IS 28793425424.7124 16 49.7685577917302 16 86.0234344519128

. 17 40833224147.6306 17 73.6318760878044 17 132.775538104594

18 56711264151.3447 18 106.417544094521 18 , 199.690376516513
19 77318375495,1464 19 150.641104789763 19 293.497403520912
20 103684175089.543 20 209.32416042454' 20 422.596834083899

I
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n

10-1Q12 s10-1 Q13 Q.41 " 141

1 0.000000000002291 1 0.000000000000233 1 0.000 )00000000023
2 0.000001013530355 2 0.000000329214685 2 0.000"10010693543 4
3 0.000085776408338 3 0,.000041345079817 3 0.000( 19928736661
4 0,001362011415970 4 02!000839449497851 4. 0. 00 1g 17378526479
.5 0.010212803556580 5 0.007529059809009 5 0. 0055 W556341687
6 0.049887620568661 .6 0.042347040538889 6 0. 0359 16229183q.35
7 0.184593950729887 7 0. 176018621257227 7 0, 1678, ,1659527.780
8 0.562145891529704 8 0.591808103956957 8 0. 6230' 5473862611,,
9 1.48200009349602 9 1.70060350036898 9 1.9514'.214778287,
10 3.49620215875845 10 4. 32997238414136 10 5. 36257 )161352091

11 7.55139962537918 11 10,0148315298813 11. 13.28188 8613473',
12 15. 1806644034408 12 21.4221975642093 " 30. 229933138988 .
13 28. 754416361335 13 42.0474165486481 13, 64. 14599: iS32003

14 51.8002628180901 14 81.5242967441298, 14: 128. 304570 8007.77
15 89..4020448490567 15 147.69,6682393044 15m: 244. 00236C.47171
16 148.688883167359 16 257.004200290505 1' 444. 223922 164613

17 239.435426054050 17 431.740179399658 17' 778. 528770,,31651
18 374. 714966527400 18 703. 145081846343 lr 1319. 43757315282h
19 571. 827496842488 19 1114.10418703021 10J 2170. 0338824,1$
20 853,165176038568 20 1722.42373557491 219 3477. 3378100t157'

. 10 1 5 Q1 5  10 16 6 i0-17 "

1 0.000000000000002 1 0.000000000000000 0. 009,0000() .4,

2 .0. 000000034734741 2 0. 000000011282530. 2 0. 00;)00000.!094,'
3 0. 000009605849750 3 0.000004630114880 ' 1 0. 00000223,lo7. I 'i
4 0.000318876287790 4 0.000196533257007 4 0.00012112f. .:Wk P4
5 0.004091968525854 5 0,003016671729 167 5 0. 002223943 w'f. )92
6 0.030512908956587 6, 0. 025900842289434' 6 0. 0218958.5 ;',37)
It 0.160044559330312 7 0. 152609674161337 7 0. 145520 177,e,87,I 9
8 0.655910588408299 . 0. 690520392553108 8 0. 726956418f."07283

2.23930239133350 9 2.5661217600395 9 2. 9480445241727

10 6.64144080653924 ;lO 8,22528388731 17 10 10.1868400242422
11 i7.6147318303687 "11 23.3610430485360 " 11 30, 9819268082,167
12 42.6589834083558 12 60 1982284ii400 3 12 84. 9487481375:75' .
13 95. 8080502454839 13 143. 0983021,LJ679 13 213. 730725373011
14 201.928331564546 14 317, 79887454;657 14 500.158268355468
15 403. 104193249714 15 66G. 9484366163031 15 110. 18036954332:
16 767.827504072569 16 1327.16642590631 16 223. 96669526 ,..
17 1403.86990833516 17 2531.50659,226? 17 4564. 89994.l.o. .5
18 2475.89P"!] " • . 4645.97271372430 18 8718. 074185199327
19 -. o9 1,2 t12 .'0 82-' 51"77,870672 19 16053. 4689407200
20 '702' -)J16,l37l(l 20 14172,:,4273'12781 20 28613.2722019508
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LMSD-288087

Tiblo 13 (Cont'd)

Es
Qn ('s) = sA(fsj.3

10 Q18 101 Q19  10-20 Q20

1 0;000000000000000 1 .000ou0000000000 1 0.000000000000000
2 0,000000001190395 2 0.0OC-000000386664 2 0.000000000125596

i3 0.000001075731092 3 0. 000000518513 058 3 0.000000249928438
4 0.000074655825731 4 0.000046012679987 4 0,000028359028901

5 0.001639530842223 5 0.001208691198398 5 0.000891068576121
6 0.018662698328366 6 0.015841806718135 6 0.013447296616979
7 0.138760023662502 7 0.132313913614826 7 0,126167258220227

. 8 0.765315030259167 8 0.805697673525568 8 0.848211148949584
• 9 3.38358629114715 9 3.88268443151808 9 4.45540237416018
T0 12.6161857878459 10 15.6248791042359 10 19.3510821041635
1 41.0889097185379 11 54.4930117583335 11 72.2698253819605

12 119.875442673108 12 169.162254549169 12 238.713348839856

" 32 319.226869118141 13 476.795246865427 13 712.138386287687
tl 787.159154609569 14 1238.84692s83909 14 1949,72224372501

1817.55340037077 15 3002.68979037555 15 4960.59481684903
q 3965.05147830536 16 6853.47056609179 16 11846,0148770530
'l 8231.58489058748 17 14843.4775536473 17 26766.2702643777
1-8i 16359.2904226779 18 30697,8787364792 18 57603.9506953945
19 312'77.3293728865 19 60938.3140997408 19 11872'?,468098276

57766.2803765158 20 116622.215828814 20 235444.294118503

Ii
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LMSD-288087

Table 13 (Contrd)

ss

s -IQ-2 Q-3

. 1,....... 1 1. 7654501 1 1.".....

2 0.22619600 2 6.9637390 x 102 2 0.0214388
3 0.11314622 3 2.3473837 x 10 3 0.00487004 -2 4 1.934030 x 10 - 4 0.0019363

5 5.3752645 x 10- 5 7.2912849 x 10- 5 0.0009890
6 4.1995147 x 10-2 6 4.9472068 x 40- 6 0.00052
7 3.4259608 x 102 7 3.5928678 x 10- 7 0.0003768
8 2. 8809467 x 10-2 8 2.7365500 x 10- 8 0.0002599
9 2.4776259 x 10-2 9 2. 1591404 x 10-3 9 0.0001881

10 2.1679316 x 102 10 1.7504794 x 10- 10 0.0001413
11 1.9231661 x 10-2 11 1.4501089 x 10 311 0.0001093
12 1.7251981 x 10 -2 12 1.2225475 x 10- 12 0.0000866
13 1.5620071 x 10 .2 13 1.0458046 x 10- 13 0.0000700
14 1.4253335 x 10 - 14 9.0565217 x 10 14 0.0000575
15 1.3093163 x 10-2 15 7.92i4021 x 10- 15 0.0000480
16 1.2096959 x 10-2 10 6.9986540 x 104 -16 0.0000405
17 1.1232893 x 1.0 17 6.2293026 x 10- 17 0.0000345

-2 -
18 1.0476836 x 10 18 5.5832399 x 104 18 0.0000298
19 9.8101518 x 103 19 5.0351:794 x 10- 19 0.0000258
20 9.2181445 x 10-3 20 4.5660075 x 104 20 0.0000226
21 8.6892571 x 103 .21 4.1611384 x 1 0

A 21 0.0000199
22 8.2140612 x 10- 22 3.8091745 x 104 22 0.0000177
23 7.7849'702 x 103 23 3.5011869 x 10 23 0.0000157
24 7.3957255 x 10 3 24 3.2300556 x 104 24 0.0000141
25 7.0411286 x 10 25 2.9900507 x 10- 25 0.0000127

12-12
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TMSD--288087

I

Table 13 (Concluded)

Ai(-13)
n

s Q-4 Q-5 Q-6

1 1.7000188 1 1.6695431 1 1.6387462

2 0.0066002 2 0.0020320 2 0.0006256

3 0.0010103 3 0.0002096 3 0.0000435

4 0.0003142 4 0.0000510 4 0.0000083
5 0.0001341 5 0.0000182 5 0,0000025
6 0.0000187 6 0.0000081 6 0.0000009
7 0.0000395 7 0.0000041
8 0.00000247 8 0.0000023

9 0.0000164 9 0.0000014

10 0.0000114 0 0.0000009

19 0.0000082
12 0.0000061 -7 Q-8
13 0.0000047
14 0.0000036 1 1.6085174 1 1.5788462

15 0.0000029 2 0.0001926 2 0.0000593
16 0.0000023 3 0.0000090 3 0.0000000
17 0.0000019 4 0.000,}1 4 0.0000002
18 0.0000016 5 0.0000003

19 0.0000013
20 0.0000011 QQ1

21 0.0000010 - 9
22 0.000000823 0.0000007 1 1.5497223 1 1.5211356

24 0,0000006 2 0,0000182 2 0.0000056
25 0.0000005 3 0.00000043 0.000

LOCKHEED AIRCRAFT CORPORATION jIE n SAEDVSO



j LMSD-288087

Table 14

COMPUTATION OF IexpF[.i(5n- 2) -]f n

7 'HP 11 1.13 1201

Y (2 (IN n 0.12,,, 3IC 0. Iva19, .91112 -66.2129 -71.9',1995 -5915G1.60

. 3 f(2) -0.01( t, .191 "521 1. 1129:132n -0. 013173 -. 1. 10 1'.6121(70 145.9179917 2234. 5509

~L4 A' 1(2) -. 0(1 o 11n11700 0 1.'21(5 G! .09229911 -0. 111 if3 d8 0. :I1119171 .. j911 -201. 5174)

Y-, A3 I (-,) .1 lll~~. 9~~~(*-4 0 0013101 -0. 02322121 a. -11 1 0.q1.992 r.943

I' . 1(2 II.101(11: "n13 ( 1.01ll5' -0,1002 18n1 0.10110 U. 0122613 0. 05201 -0.6322

F7~ A'(21 -11 00 1 ;!117 0. 9(1 ,.I. -10.00010 -0. 0092,,51 0. 0011WD1 - 0.1 .1 -1. 1129

1-9.511n . 1 111n19311 U. 1,13110 -0, 010207 n + . no 9171 fl.Il10119:18 --. 00:107 -0 .0255

t,1() -l 600r70 00.1 1- .0 WI-! InK-iE .0.oomII090 L 1t -. 0PACE DIVISION

E10 MI I -a100113 -1 wi . nI1, 000 I1n

1:1FT1A 1( ) 1-A .0 )o 1 )"1k2 f m m .(.o( I1 .n10(f 2 1,(001; 0-.00
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=_-_..= |Toobie 15~

COMPUTATION OF Iexp(1 --- g(nl)(0)l

- [ , 08 6 310 1,937094S 1.971110 2.0112092 00058I 60253J354

j -. 2 Ai(e/
2 ) -0.33- 01.)3 274 3 -I m l _!2.5899735 40.8947215 -132.341352 *431.4715178

i Ilaf(2 i -0.047,333 0.0603550 1.2297357 8.9-7373 031496273 28.3277213 1494._603_0

.,&A
2 

(2) H .. 10.Ij0.0096216 0.0401003 -. 521-18.3040B371 182,,213005 -0504.008242.

3 3 (21 0.0024446 I 0.0080482 -0.0989104 0.592003 32.8480041 540.463058

A 4(2 -0.005002 0.0007240 00f012)3 -0.0102781 0.0701053 0.851100 -46.P706320

K5 A (2) -0.00025O29 0.000564 0.00U20u7 -0V.UU.U4 0.0144100 O,i155234 -. 0174401

-ETO ((2) -0.020121 0.0000949 0.002.1,13 -0.0015100 0.0037159 0.00257,0 -0.4175280

E., A'i f(2) -0.0000880 0.0000305 0,0000902 -0.0005049 0.0011303 0.00071506 -0.1043127

-P0A"f(2) -0,00003"2 0.0000145 0,0000348 -0.0001795 0.0000712 0U.0U0 21 -0.029498f

F. &9 f(.) -0.0000160 0.000050 0.0001-639 -0,00OO000 0.0001290 0.00065004 -0.0081527

.Eo 10 f(2) -0.0000070 0.00rD0Z5 0 0000,7 -0.0000258 0.0000470 0.0002248 -6-.6026234

]02
1 1  

(9) -0.0000031 .00000010 0.0000024 -0. 0000102 0,000011 0.0000814 -.0.0008007

-E 6 " [(2) -0. 0000013 0.000004 0.0000010 -0.0000041 0,0000071 0.0000306 -0.0002211

_ _l_10 (P -0, 0000000 0.0000002 0.0000004 -0.0000017 0,0000028 O.pD01i8 70.000119

-EI4a14 f(2) -0. 0000002 0. 00'OOO O.5000501 -0.0,00007 0,0000011 0.0000040 -0,000045F,

E 1,15 f(2) -0.0000001 0.06000 0 .0000000 - o.l00003 0.0020004 -0000D018 -0000179

E 17 10(2) -0.000000v 0.0000000j 0.000000 -0.0000001 0. .0000002 0.0000107 -0, 0000072

I

E17 17 f(2) -0 0000( .oo00 .oooo -oooo0.000000, 0.0 .00000 _0. 0100012

t~ 0000f i o 0.0000000o.oooo oooo1

o (- ) I .!)o I ol761 , 147183 8 201 . 3432'7M .9366 614
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For Ulu convenience of .. . . ..8 WHo .. ..u.i. UU .......... kn of '1i l... we

below the values of E
n

Table 16

VALUES OF E
n

E - ]

n on+ 1

2 .~.25

3 .0625
.03125

5 .015625
6 .0076125
7 .00390b25
5 .001953125
9 .o009765625
10 .000110d2d125
12. .o002hhl 10625
12 .0001220703125
13 .0000U103515625

.00003 05.757d15
15 .0000152 507690625
.6 .000-007b '3953121 "17 .rYJJ'OO3bIl ()972?5(62
173,, I .O o C ] 9 10 7 3 4 0;o3 - o o2 5

The sbries for p(ff)(0) and q(n)(0) are not suitable for the Euler summation process

since the signs of the terms are all positive. However, because of Olver's (Ref, 35)

relations

da ds Ai(_ s) 2  ds _ 0s[ Ai(-/ s)2 2 5

12-16
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ii we can write

p n(0 )  - (a s
(5) i - d([6s )

(n) o- 6 n (12.6)

This form Is ideally suited for use in the Euler-Maclaurin summation formula

j (Ref. 36).

00

Z2 f (s) f ( f(s)ds+ R

S-N. 2 N

M]f(N) 1 1f(N) A'f(N) I A 3f(N) 863 A 5 f (N) 4.

i!! (12,.7)

i We find that

Ii .,

(5111-r N- 11n

(n (-aN 1i (12S)(aN)aN.8

p T: [1'- ) 2 [Ai,(a )J2 n+1

i I.

+ M a N)n

: l+ 
t M EAJ, ( a " 2

exi ,5t h ].-

. ~~ ~0 2, L ir - ) 2 Ai(a')]

(aN  + R M  N)...
i .+1 :zE~tfl~q ;2(12.8)
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In Tables 17 and 18 we list values of

jn ~n
R an S (s) - _ _ _ _ _ _

nss = [il 12and S ](s

We have found it convenient to define constants M nand. N nIbyv means of

exp (i 5-1 n_
q(O(0) cn+ ib 4Air 2  - 2 "I

2 a 2vr sI cm -a- 2 v-T

e n- n

n n 2

Dte sjc of thissy e caesiaiogofM ae these constat n the urMcrinmationl

as Euler-Maclaurin coefficients. A ta!ble of these coefficients is given in Table 21.

1 2-18
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Table 17

R ( )Ail s12

R°  s R!  s R2

1 2.03377441209490 1 4.75518302412254 1 11.1181286687934
2 1.55043.674937580 2 6.33802528878214 2 25.9095269561649

3 1.33586612406330 3 7.37472886021756 3 40*7126318888139
4 1.20532890587700 4 8.18021543671277 4 55.5167342828684

5 1.11427147893050 5 8.85194531334336 5 70.3210360750879
6 1.04566085201306 6 9.43463277872035 6 85.1253974918799

7 0.991316716567800 7 9.95299266204154 7 99.9297815471445

6 0.946748419182440 8 10.4223029820908 8 114.734175679217
9 0.909243828383500 9 10.8.52.4846320 9 "29.538574037106

10 0.877051634311060 10 11.251499.6173126 10 144.342976725458
11 0.848981307009500 11 11.6238182560194 11 159.147380199571
12 0.824190099187580 12 11.9736936980339 12 173.951784645250

13 0.802061603377530 13 12.3042306613845 13 188.756189712692

14 0.782132613438810 14 12.6178992035875 14 203.560595193554
15 0.764047056830580 15 12.9166998995913 15 218.365000957130

16 0.747525870788400 16 13. 20227840/684 16 233.169406919740

17 0.732346668634210 17 13,4760081581256 17 247,97313025665£ 18 0.118329634742800 18 13.7390459000176 18 262.778219236879

19 0.705327505426430 19 13.9923786688534 19 277.582625526866

20 0.593218302572240 20 14.23G8550576212 20 292.387031876720

21 0.681899965877930 21 14.4732108143344 21 307.191438272729

22 0.671286322090140 22 14.7020885019844 22 321,995844704785

23 0.661304013418650 23 14.9240529953933 23 336.800251165333

24 0.651890125651210 24 15.1396038407256 24 351.604657648627
25. 0.642990334442190 25 15.5491852129233 25 366.409064150257

d s R s R4  R,
34

1 025.995370026274 1 60.77998833904 1 142.1101411431

2 105.916836318150 2 432.98267215089 2 1770.0112739375
3 224.7565201011427 3 1240.78181597448 3 6849.8102487001

4 376.775869691907 4 2557. 06784298188 4 17354.0730168274

5' 558.639704565242 5 4437.90844013600 5 35255.3374958514

6 768.056740321100 6 6929.90780347246 6 62526.1385565751

7 1003.31242864713 7 10073,437026691 7 101139.010512575

8 1263.05396143345 8 13904,3602313666 8 153066.467534860

9. 1646.,17444529514 9 18455.1622425210 9 220281.103718781

10' 185i,74382425500 10 23755.6081248653 10 304755.393262461

Sif 2178.96461098493 11 29833.2700794123 11 408461.890176752
12 2527.14194713402 12 06713.8884719613 12 533373,128589097

13 2895.66248678568 13 44421.6491662162 1.3 681461.642595244

14 3283.97899261810 14 52979.3991499318 14 854699.966290011

15 3691,59878402966 15 62408.8179081626 15 1055060.63376764

16 411S, (7487107693 16 72730.5561558195 16 1284516.17912218

17 4162 9990'A625 17 83964.3499:L80049 17 1545039.13644743
1852.0.962U149363 18 96129. 115611.4283 18 1838602,03983705

19 5506.72018088705 19 109243.030225801 19 2167177.42338469

20 6004.84981153994 20 123323.599640200 20 2532737.82118393
21 6520.08603748150 21 138387.717363460 22 2937255.76732824

22 7052.14935913043 22 154451.715453285 22 3382703,79591110
23 7600.77769881483 23 171531.408978792 23 3871054,44102616

24 8165.72458439462 24 189642.135101696 24 4404280.23676680
25 8746.75759195544 25 208798.787633312 25 4984353.71722635
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Table 17 (Cont'd)

(Y

Rn(s) = 

R R R7  a R8

1 332.268774108 1 776.88008300 1 1816.4290791
2 7235.716603398 2 29579.24366675 2 120918.4527053
3 37814,787289051 .3 208758.79561591 8 1152465.4208388
4 117'77.027738998 4 799318,20698086 4 5424740,0205294
5 280073.110726074 5 2224938.20576842 5 :17675206,3297133

6564151,517403598 u^ 5090142.16991518 6 45026575,5930121
7 1015453.29827892 7 10195328.1504304 7 102362872,099715

8 1685036.14811458 8 18549761.3891883 8 204205499.081331
9 2629278.6826,3232 9 31383111.2759848 9 374589304.612931

10 3909638.90439593 10 50155884.6888142 i0 64.3438647.515277
11 5592451.49065643 11 76568988.2642702 11 1048343463.25743
12 7748754.11298878 12 112572582.091620 12 1635435329.85932
13 10454136.1936149 13 160374343,504411 13 2460263533.79439
14 13788605.4598089 14 222447230.636440 14 3588671135.89219
15 17836468.9195721 15 301536815.360819 15 5097671037.24060
16 22686225,7301001 16 400668240.884885 16 7076322045.0969
17 28430470.0207335 17 523152848.709299 17 9626604938,75274
18 35165802.1546500 18 672594511.691930 18 12864298535.5102
19 42992747. 2235117 19 852895703,821973 19 16919855756.5115
20 52015679.8015203 20 1068263332,50298 20 21939279692.6787
21 62342754.1625238 21 1323214355,31785 21 28084999670.6073
22 74085839.3012300. 22 1622581200.16368 22 35536747318,4704
23 87360458,2076341 23 1971517005.12501 23 44492432631.9231
24 102285730.929851 24 2375500692,37519 24 55169020040.0002
25 118984321.029958 25 2840341888,66481 25 67803404471.0205

R9  10 I 1 0 R 10 I R ii

1 4247.006290 1 0.00000922995687 1 0.000000232173057
2 494308.521521 2 0.000202070824578 2 0.000082605531501
3 6362254.305552 3 0.003512320553535 3 0,001938997575124
4 36816126.983863 4 0,024986030684649 4 0.016957289658629
5 140414206.263166 5 0.111546916441933 5 0.088614360544612
6 414379456.465319 6 0,3q3880115148378 6 0.337338974450206
7 2027741081. 9H374 7 1.03186996410982 7 1.03601543374797
8 2248001199.59279, 8 2.47471758405386 8 , 2 7242988689328
9 44711037(968180 9 5.qR67164179t'664 9 b 6.360991302215478
ii) 155n5itz7., 3 10 10.h895532359978 10' 13.5851014377203
1.1 14353383082.3239 11 19.651916405241 1, 26,9064028587588

12 M3759326369.3217 12 34.5171453262236 12 50.1459217720092
13 37742300441.9156 13 57.8995389347941 13 8$.8222649284700
14 57894901567.1677 14 93.4000219175484 14 159.679314724764
15 86179360794.8884 15 145.691679173084 15 246,301010313733
16 124971047282.889 16 220.725713838699 16 389.830301314948

-17 1771 10433958. 171. 17 325.958461394539 17 5,800496995444
18 246047468324.466 18 470.599749389897 18 900.086985791645
19 335658296246.866 19 665.883288017926 19 1320.98791604262
20 450574298803.194 20 925.359420986591 20 1900.44144880574
21 596009341975,884 21 1265.21071629550 21 285.38822962455
22 7783033661'73.24A 22 1704,59081234414" 22 3733. 2,8699812060
23 1004087997395.03 23 2265.98692603152 23 5113.79156227871
24 1281254424359.15 24 2975.6064159.7341 24 6910.59743829628
25 1618573340134.73 25 3863.78778150382 25 9223.46590686804.4
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R n

S 2

S lu.12 10-13 10
-
14R12R 13  10 6 14

1 0,000000054284554 1 0.000000012692311 1 0.000000002967598

2 0.000033768723658 2 0.000013804483510 2 0.000005643203069

3 0. 0010704:212000 3 0,000590940162994 3 0. 003262z3?22463

4 0-011508417491190 4 0.007810427009138 4 0.005300708816983

5 0.070396431790369 5 0.055923865819933 5 0.044426666078177

6 0.3045369178568832 6 0274621682874476 G 0.247781556133332

7 1.04017755753744 7 1.04435640238518 7 1.04855203546695
8 2.99905102868274 8 3.301b1261373899 8 3,3447818474273
9 7.60313809689010 9 9.07511746539150 9 10.8320743305110

10 17.4280233500549 10 22,3580220813132 10 28.6826073916811

11 36.8388719717657 11 50,4379011670960 11 69.0569970788335

12 72.851142427877C 12 105.836900898476 12 153.758049887595
13 136.260061689062 13 209.033224118515 13 320.672750648614

14 243.066194413896 14 392.163304044723 14 632.664711426112
15 416.387473356117 15 703,929422507310 15 1190,03731779451,

16 688.491004778542 16 1215.96462554667 16 2147.55161696913

1't 1103.70082942721 il 2030.93453121449 17 3737.14956091862

18 1721. 540061501691 18 3292.68408046825 18 6297,1285045318

19 2620.59298638479 19 5198.76640572358 19 10313.3803233462J 2.0 3902.99987056726 20 8015.72076804624 20 16462.1525908350

21 5699.69085064d'91 21 12097.4969036240 21. 25676.7314523175

22 81'76,4090856576 22 17907.454106056]. 22 39219.7735077804

23 11540. 60689699617 23 26044.3949283622 23 58775.0823413687

24 16049, 2855163321 24 37273. 1254081409 24 86563,7216676340

25 22017.8560899238 25 52560. 0670823329 25 125469,102014320

10
-] 5  

s 10
- 16 

HI 10
- 1 7 

i1t
. 15 0 16 ~ 7117

. 1 0.000000000693856 1 0.000000000162231 1 0.000000000037931

2 0.000002306912885' 2 0.000000943054324 2 0.000000385515840

3 0.000180098356346 3 0.000099424375115 3 0.000054887821119

4 0.003597436341133 4 0.002441475031989 4 0. 003656957835130

5 0.035293137015544' 5 0.028037339516004 5 0.022273237054260

6 0.223564G46888856 6 0.201714575202861 .6 0. 182000018408540

7 1.052764524 2836 7 1.05609393638600 7 1.06124033992851

8 4.00102414281284 8 4- *0453715159784 8 4.84874542800606
9 11.9291807791111 9 15.432290299365 9 18.4200057196422

10 36.7962766017975 10 47.205121901574- 10 60.5583970467120

11 94.5493118309426 11 129.452088622006, 11 177.239182457034

12 223.377080248356 12 324.518423607218 2. 471.4548421569135

13 491,936214648091 13 754.667201113 Q-7 13 !15'=662759737

14 1020.65805993474 14 1646.,59551338262 14 2656.400699820413
15 2011.83353379171 15 1401. '321,860386 15 5749.82951121328

16 3792.85535997668 16 . 698.67567700499 . 16 11830. 7321423d8

17 6876.77846135323 17 12654.051.322732 17 23284.8874642219

13 12045.2452095322 18 23038.1942783113 18 44063.7269206602

19 20459. 8178477266 19 40588. 4524024162 19 80519.8990863088
20 33808.8708134965 20 69434;4035129442 20 142599.746019135,

21 54498.4258584005 21 115671.982104073 21 245511.814940296

22 85896,6676609488 22 188125.449267824 22 412020.462068934
23 1,2643.361R32561 23 299344.404591266 '23 675548.865183415

24 201037:015512030 24 466891.681958444 24 1084316.94594541

?25 299514.377739745 25 714987.677357404 25 1706787.44249511
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Table 17 (Concluded)

o.,n
Rn(s ) -

n [Ai W~]

10 - 
1 8  10-19 R1 9  lo-20 R 9

1 0.000000000008868 1 0.000000000002073 1 0.000000000000484
2 0.000000157596926 2 0.000000064424826 2 0. 000000026336543
3 O.000030301150032 3 0,000016727931161 3 0.000009234754477
4 0.001124528914458 4 0.0007631.84948127 4 0.000517951346167
5 0.017694157057665 5 0.014056474737759 5 0.011166651308074
6 0.164212262140188 6 0.14816,2990712821 6 0M133682293458858
7 1.06550380311765 7 1.06978439,148942 7 1.07408218285518
8 5. 33775318868199 8 5.87607857049350 8 6.46869537539235
9 21.98f1474944550 9 26.2426998669423 9 31.3233274033162

10 77. 6890156223675 10 90. 6655037560256" 10 127. 8586-9765950
11 242.6668,32322018 11 332.247027394622 11 454. 895653255481
12 684. 921585542453 12 995. 042432506107 12 1445. 5807.2542495

13 1776.02473008214 13 2724. 55604996315 13 4179.67472167321 I
14 4285.48761409531 14 6913.64224221904 14 11103.5613581480
15 9720. 45132641929 15 16433. 0392414276 15 27781.0946880978
1G 20894.610(869395 16 36902. 59969982i4 16 65174. 7887979041
17 42846. 80178G762 17 7884(.09.0357359 7 145080. 087211763 .
18 84277. (606197867 18 161193. 234040764 8 308304. 312413799
19 199736. 421694250 19 316887. 198200933 19 628644 920055250*'

"20 292861. 845654524 20 601460. 122016385 20 1235258. O'/56,5428
21 521094.65212627 . 21 11Q6014. 53759214 21 2347497. 04755891
22 902381. 159667455 22. 1913,338. 14192073 22 4328450. 82926911
23 1524552. 52963133. 23 3440551, 136 11099 23 7764502. (262605(i
24 2518235.56661485 24 5848:391. 83107564 24 13582401!. 6876112
25 4074368. 64454212. 25 9726155.37138016 25 23217854. 4852458 I

i

L I
I
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Table 18

sns (s) = sE~( s

1 82

1 3.42090527093745 1 3.48519424670285 1 3.5506914033670

2 1,75346632551597 2 5.69560507897474 2 18.5004506465769

3 1.43366682592260 3 6.910416R2672268 3 33.3088923335535

4 1.26661171013518 4 7.80651726981529 4 48.1139653109793

5 1.15767665395375 5 8,53459749697771 5 62.9185655482067

6 1.07867166996060 6 9.15629016082348 6 77.7230415629854

7 1.0i76266640666q 7 9,70352720960537 7 92.5274:893360947

8 0.968423104033338 8 10.1952295598303 8 10-.331914474915

9 0.927545444958618 9 10,64!!6365110267 9 122.136331750209

10 0.892802723165511 10 11 .0571727842123 10 136.940744923402

11 0.862744993984I72 11 31.4410130182971 11 151,745155788981

12 u.,636725644253 12 1.802f -1873226 12 166.549565276592

1 0.812946786820 168 13 121421221522217 13 18 1.353973q00537

14 0.791948015215901 14 12.4638373409639 14 196.158381961038

15 0.772964029156273 15 12,7697552005984 15 210.962789641347

16 0.755679076665912 16 13,0616823959993 16 2$5.767197057629

17 0.739843677652785 17 13.3411161622160 17 240,1571G04285943

18 0.725257605889135 18 13.6093127898938 18 255.376011377507

19 0.711757950434424 19 13.8673379141378 19 270.180418367666

20 0.699210551030022 20 14.1161041622739 20 284.984825281351

s 3 sS 4  S5

3.~ 4 .5

1 3.617419446239 1 3.68540150732 1 3.7546611533

3 2 60.09.3119059448 2 195.19432403454 2 64.0297313842

3 160.1552165662199 3 773.87736706140 3 3730.1656865217

4 296.541156310142 4 827.67428993613 4 11264.5183948765

5 463.846817854721 5 1 419,56096041486 5 25209.6095346197

q 6 659.75105816595 6 1i600.28810499744 6 47587.9712859592

7 882,291160513919. 7 $413.04241049205 7 80222.1372812183

8 1129. 9539454718 8 11895.7714008173 8 125234. 641467642

' 9 1401.52132383917 9 16082.5365640847 9 184548.017882888

10 1695 98214535924 10 21004.3799527030 10 260134.M00596065

11 2012.47748?44544 11 26689.9170276117 11 353967.523688858

12 2350-26451858038 12 33165.7623850564 12 468018.721248631

13 7 8... 9164554l1 13 40456.8470934668 13 604260.927365345

14 3087.18011644051 14 48586.6623494002 14 764666,676130465

15 3485.21157329407 15 57577.4511290508 15 951208.5016
3 6 2 12

16 3902.31715348323 16 67450.3619871862 16 1165858.93797522

17 4338.07007487289 17 78225.5745866814 17 1410590.51924046

18 4792,07937931402 18 89922.4036501233 18 1687375.77952500

19 5263.98497832129 19 102559.386129473 19 1998187.25292200

20 5753.45362339401 20 116154.355109488 20 2344997.47n52482
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Table 18 (Cont'd)

Pn

Sn(s) =

s6 s 87 8

1 3.825222393 1 3,89710968 1 3.9703479
2 2059.453840512 2 6689.51298536 2 21728.8599050
3 11979.768683169 3 86664.26884692 3 417730.3739664

4 69426.689080879 4 427898.02348967 4 2637267.035.,87
5 185849.710019759 5 1370117.00506489 5 10100745.4214935
6 403525.438623075 6 3425320.33259146 6 29075786.2029706
7 764954.102922387 7 7294180.87586643 7 69553290.1210595
8 1318,'27.77530606 8 13879959.8763382 8 146123503.901484
9 2117698.95680265 9 24300715.4619724 9 278852086.160221

10 3221714.45353455 10 39900251.7015419 10 494156173.306973

11 4694394.80447998 11 62258091.7895160 11 825680445,448000
12 8604447.10711363 12 93198668,3658527 12 1315)73192. 28925
13 9025203.26156089 13 134799869.102310 13 2013362379.03825
14 12034478.1326933 14 189401040.279627 14 2980831712,30761
15 15714443.6900662 15 259610527.096302 15 4288896706.01735
16 20151516.2144708 16 348312812.566620 16 6020480747.29721
17 25436254.3641814 17 458675304.600601 17 8270991162.39021
18 31663266.39138G2 18 594154811.7124871 18 11149195282.5542
19 38931125.1600065 19 75850,9140,831967 19 14778096509.9646

20 k7342289.8836153 20 955776045,274508 20 19295810383.6192

s s10 -11S s 1 51 s , SI
9 10o 11

1 4.014962 1 0,000000000412097 1 0.000000000041984
2 70579,6,30206 2 0.000022925658418 2 0.000007446706824
3 2013501.845751 3 0 000970527865841 3 0.000467804060056
1 16254287.319531 4 0,010018016859718 4 0.006174411700042
5 74464485.655362 5 0,054896538745729 5 0.040470701432211
6 246809425.465109 6 0,209503853389161 6 0.177837068021990
7 663221854.378492 7 0,632411820288661 7 0.6030'23069251929
8 1538338625.08830 8 1,61951066204520 8 1.70496582592635
9 3199842481%05264 9 3.67183851633515 .9 4.21345549239397
10 6120019629.04797 J0 7,57951479373008 10 9.38706866816208
it 10950354859.8964 11 14,52260038,59879 11 19.2601906211732
12 18559069094.4899 12 26.1896340096854 12 36.9575071933381
13 30071454047.5551 13 44.9145349068349 13 67.0840672388398
14 46912929749.3858 14 73. 8325135425724 14 116.199096605888
15 70854734438.6501 15 117.055591134381 15 193.381734112396
16 104062173772.731; 16 179.868293992428 16 310.896861086180
17 149145363009.908:, 17 268.944058464319 17 484,965194640357
18 209212402219.306: 18 392.582855830519 18 736,673815974298

19 287924929965. 782 19 560.970523097493 19 1092.95130443089
20 389556005511.366 20 7K6.460264756747 20 1587.75564820090
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nRSn(s) = -_____

PsEAi(- /3)]2

10 - 2  s 10 - 3  10- 14
i 12  S13  S 14

1 0.000000000004277 1 0.000000000000435 1 0.000000000000044

2 0.000002418837510 2 0.000000785686215 2 0.000000255206406
3 0.000225486198086 3 0.000108686584552 3 0.00005238801.2046
4 0.003805479704761 4 0.002345434105609 4 0.001445563127527

5 0.029835718459437 5 0.021995420501467 5 0.016215413873613
A 6 0.150956759272163 6 0.128139444849236 6 0.108770997770739

7 0,575019110878440 7 0.548306543595701 7 0.522834911157274
8 1.79493012037706 8 1.88964147435996 8 1.98935037140675
9 4.83496401978691 9 5.54814861773950 9 6.36653195995256

10 11.6256858887170 10 14.3981659409313 10 17.8318238121151
11 25.5432865261406 11 33.8760658910224 11 44.9271803406531

12 52. 1525b935582191 12 73.5951426761564 12 103.853800089108
13 100.196341547860 13 149.652626470000 13 223.52022302801.9
14 182.876478182462 14 287.814684014727 14 452.968545532945

15 319.476367817286 15 527.791055666118 15 871.937415416185
.6 537.3757435944111 16 928.837585541267 16 1605.46744172601
17 874.519164905334 17 157695227664900 17 2843.61469057776

18 1382.35356710639 18 2593.95860563401 18 4867151103903714
19 2129.4212524061.3 19 4148.79862608335 19 8083.19632404435
20 3205 461370859p1 20 6471.38784341062 20 13064.8464525438Ih

10- S110-16 0- 17$ 0 1 5  s 10 1 6  $ 0 1 7

1 0,000000000000004 1 0.000000000000000 1 0.000000000000000

2 0.000000082896083 2 0.000000026926285 2 0,000000008746189
3 0.000025251541554 3 0.000012171493552 3 0.000005866780647

4 0.000890944985692 4 0.0005491167783Y9 4 0.U00338437547928
5 0.011954290534023 5 0.008812914877516 5 0.006497037061069

6 0.092330117162300 6 0.078374297468267 6 0.066527918434750

7 0.498546565817380 7 0.475386537861734 7 0.453302411199334

A 8 2.09432051207314 8 2.20482951134879 8 2.32116963286696
9 7.30563147993173 9 8,38325-3497:755524 9 9,61983086572674
if ?'!. 0843364197085 10 27.3509832890735 10 33.8736139797063

11 59.5834103007953 11 79.02G8233891873 11 104.799146231846
12 146.553310459752 12 206.808732933067. 12 291.838184229394

13 333.848401334345 13 498.633875555532 13 744.756424945478
14 712.891018554608 14 1121.96224075091 14 1765.76676786172
15 1440.48454069219 15 2379 75303649836 15 3931.47191430589
16 2775.00151432851 16 4796.50549390571 16 8290.61347688478

17 5127.70400741145 17 9246.45257838401 17 16673.5219429065
18 9133.78635406462 18 17139.3659906726 18 32161.6748164360
19 15748.6705674905 19 30683.4839462673 19 59781.3118920840

20 26376.1370758127 20 53249 8112066678 20 107504.081639991
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Table (Concluded)

S n(S) = s

10-8 110-19 10-2010 S1 S19 10 $20

1 0.000000000000000 1 0.000000000000000 1 0.00000000000000

2 0.000000002840935 2 000000000922791 2 0.000000000299741
3 0.000002827846476 3 0.000001363050057 3 0.000000657003650
4 0.000208589462857 4 0.000128560097073 4 0.000079235539193
5 0.004789730884681 5 0.003531074508585 5 0.002603170717806

6 0.056472135307532 6 0.047936297139975 6 0.040690662235071
7 0.432244204733653 7 0.412164259244740 7 0.393017129526223
8 2.44364856185536 8 2.5725902188726 8 2 70833561648257
9 11.0388103988715 9 12.6670974493300 9 14.5355660612875
10 41.9517540528257 10 51.9563595771966 10 64.3468517935099
11 138.986922432229 11 184.327499810417 11 244.459168314201
12 411.827511180944 12 581.150473552076 12 820.090605266563
11 1112.36351898397 13 1661.41910594676 13 2481.48523200086

14 2778,99929715819 14 4373.64505560255 14 .6883.33066221275
15 6494.98967998760 15 10730.0501854388 15 17726.5835135638
16 14330.0725727167 16 24769 0934466879 16 42812.6226896314

17 30066.2693745379 17 54216.5330874717 17 97765.1208870703
18 60350.7345348181 18 113246.936911095 18 212505,A4481977
19 116473.255051386 19 226927.424522805 19 442127,731193173
20 217036.028999305 20 438166.041374418 20 884597.274926842
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I

1- j . 1 -2.033774 -4,5 155830 -11. 11126 25,9 g 370 0 . 77 8 -4.1014 -8332 2688

Q -0.775208 -3. 169nil2 -1,2.954|76348 -52.9584182 -216. 01336 ~8B5.00564 -3617.6583

2[Ak'(- ) ..

(n 
I

4.087549q 8.3;556653 22.77169162 228.3276 77.29 2254 8

-- o,"(2 01767n 0 3 1 209 9-0358 2548.2559

-2A2 f(2) -0,003500 0.0096340 -110000156 -0.903700 -21,183 -2210132 -20803

M3AB.o.5000117, 0.00 127 -0.0 o0212 0 -0. 0 - 201 1.479564 -5.050o8 69.5-1

-M86"f(2) -0.0002 0.00046".3 1,0070 -o. 03630 8 0,095019 . 01 2003.._ .1- __ ____- . • ____ ____

N166f(2) -0.800213 0.0002522 -0.000005421 -0.002U04 0.010736 0.002 -1.8700

- - ____--I- 
* -HM, -2.8200000o 0001 0 88 -2.0 k.1 20274 28 0).08002 -. 420

-. () -. 000002 0.0004,90 -0.0000202 .000071 I2,8,287 0.00081 -0.1-2

-MI) f(2) -0.0004 0.00034 00 4752 0.00210 00 -q.0843

M
1
odO ,2) -0. 20033 0.0030013 -3.02o2 02. 0 2.001201 0.22001 -0.0428

-M 7(2 -0.000023 0.0032022 -0.00000139 -0.0002018 (.000801 J .00001 -0.0246

M127af(2) -0.00022,1 0.0100237 -. 00113.. -. 00137° " ."0537Z 0.20°.] -0.0140

• -71.3A13If(2 0.0o0013 .0000141 -2.0120223 -o -70o n" .20772 0.000 -0.0093

I 1.4 7141(2) 1-.122718 200027 11123077] -8.02700730 8.200261 j0.0002 -0.0082

.02008 0.002115 -O..ooo 00-o.02 .. . 0.000 -o.oo1

1.0., A ((
(
2) -0.000007 ,00000H92 -0.0030005r -0.0000425 5.000143 6.0000 -0.0030

-,2777177122) -0.000005 2.7020072 00,004- -0.0 oor332 0.0020 2.00402

M7 ..1 f(21 -2.200004 V. 7' - 0020 1- 2 0.0702r73 0.0000 4 0.0000 -0.0016

07 i 1 i77' 1 , 2 2 -7 130. -0 7341,251', 7.871 1 5 4, 440
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Tahle 20

COMPUTATION OF lexp[- I(n +1) 7r/3jN J

2 '.211 3. 1 7lq 2 -. 24 -3. 6851026M

2 12 [Al(-'1 2)] 0. .7 2 1-71 -{ 2512 -97.59716 -7..6 -1029l.726q

6 2 3. 2020 271,39 ,6 29 .252 7.32 1 5 . ...

-0, O(2 If-0. 266 0- 1023 1 .230327 6.75 223439 258.0113291 132.62

N2 '% Q21 -0.00C36 o 6 12 6.6031.20 1. 4f011 -19. 706.1 -194.925089 -1480.2752

-N 0( 21 -62221 0.032, .0007 -D.023 111 .I 8 1.1 1 77

NA41(2 ... U.036258 1 -0::- 80.,1 11 ___0. Ml3 -128.00:;

- A' 2) -6.n3(202 6 .2 -.009 -0. 6 1072. 0.066511 -0. 0 0012D -0. 0112

NA' 0(2) -0 3o-s 0.(08 A202.1 06(223 6.02655 -0. 5545622 1 -1.0919

-N6"(Z . 600-I1 0.0010 D. 0 17 ,02r4 n 177 4 06 -.0. 27r

Ne 2 ) -. 0002 Q6.0(20 0. 6009(3 0. 996 6.,G t.3D0677 -0.0040 -264

N,6 aq f(2) CAW22(; 0.000.4 0 006fl -0603099 0.00-21 2 -06008 -. 1422

N010((2) -0. 9022 2 6.003(6 0.02HOW0( -0. 00002 2. 0066 -0.020030 -0 0783

N11,1(,; -22.009 0 6.09393 0.000007 -0.600046 1 0. 00171 -9.3000064 - -0.0409

t42  
f(2) -02.0(WON. 2100600, 6.000206 -0.0933 0.0011,2 -0.A00020 -0.0296

N,-e 3f2 ,D0 0.100 0- 000 0.002 f(200

274(3)~ ~~ ~~~ -0002 3.204 06 60 202 0 0 0- U6.22222 -6. 0 1942

024 A614 (2 nooi 0000 0.066604 -0009 0.6396 -.- 00M14 -. 03

01 A~(() -0. 000-) 0~2. 022W132 0.066- MOO I I 60N-49 -6..00

2 0922 
-6.09

-- 1 7 0")2 1 -0.2,20 0.03632 0.0000137 { .003 - -. 000029 101502

L ,.. 4  212 0 2q~ -0.w 1 2 "0.125 j 9.21 2 -2, , 222 2 2
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Table 21

TABLE OF EULER-MACLAURIN COEFFICIENTS

I _M n

I.08333 33333
- 2 o0l,166 b6667

3 *02638 6dd89
.o1515 oooooI 5 .01426 91799

6 ,u1136 73942
7 .0935 65365

6 .00789 25540
9 .00076 5099

10 .00592 b0641
11 .00523 669356
12 00467 75000d
13 .00421 h95756

14 .003d2 66996
15 .00349 737552
16 .00321 h5422Y
17 .00296 952272
M0 .00275 h23323

19 .00256 6314140
20 .00239 979050
21 .00225 1326 1
22 .00211 62496

3 23 .00129 63013

We have shown that we can use the Euler-Maclaurin formula in the form

00 = N Jos ds 1 ~ f'(N) + 1- f .N) 1 () N
f(8) =  f(s) - f(N)+ f(s) d- ' 12-7 0 30240f(6)(N)

s=1 N

1 f(7)(N)+
+ 1209600 .(20

I 12-29
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and use Olver's relations to arrive at

N n n n+I.

expI (n+ 1) - j s1 2 + Nl 3  -No [Ai'(- y)] 2  2 [Ai,(-a)-2 +

- - 1(9) ]~ [ n. _,.j) +

2 2 4

'I _7 ) 4 135'-9) + 7 (n ( )] n-5

12 2 N 6 (n 1! () 5) 120 132 2 1

Tr 1 ) (n 4 ( 1- 3 ) - - 2 1-3 - 4

1.+. -- - (n- 7)(n-5) -1-) + _T

25 ,2t1 2!9)~ 2 315 1

2
(n (n (n2)(n-- 5)n( a nn - 5

+f _ !(( 19- 2)( n - 15) ) + 21 -
15 31(96-) 20 2~ 77 2

(n 1 8- ) ( -1 - - 2

n-ll 1
(Y n - I .. (12. 11)

I

I
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i

and

N 1 n

N exp i(n + I)~ !I vr sj~~P + _____N

- [Ai+)] 2  2 PN[Ai( P)]n+_ 1- 2. ~ ls[i-fs

n '---' In-2 - fi + - (n -2)I lt96 120
n11 2 )(96) 12

i2 2 4

fn-5 -\ I 376 1 '3 5 7 9 + - 7(n - 2)(n - 5) 1!(91)
N 1 2  2 15 21(96)2 15 II(9) 2520

(n -1)(n - 2) (n - 5) (n -L) nJ-8 9Q!48 (n - 5)." 5" 9'1131

2 N +12 -55" 3!(96)3

n+ -- ) n - (n-2)

I ~ ~ ~~ 29)')(n 1"""2!(96)>2  +0 _(_> .2)(n.}n 2:([ 11. I(96)

71' 6 nf-11 +i 100 8600 (n - 1) (n - 2) (n 7)(n -5) (n -- (n -8) l (1 )IiN-1+"'

(12, 12)

In Tables 22 and 23 we illustrate the use of this method to compute M and N (in then n
case of Nn certain entries for n < o arc included and will be discussed later). The

coefficients are defined by
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_ _ _ _ _ _ _ _ _ _to

N o CD) C.0

C' 00

(0 - n cl -

t- C

'1' C',l

to, C>) C~i C) 0toI

f0 r_ _ -to_

o, I- C, co C

co 00 c;
I'DI

co 0) 0)C

cC0 1'0

C14 to1 Ce)44
II N~ II) Cl

"T (0I)N .I)LI iC'' I

0 ce) C5 0 e0

CI) 0 0\ CD C c

C) C, 0
ID cl- (Z

1.9 IDU)f~' mi ___ 0 __ D
_____ __ __ 0_ __
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"I CI - C
co ut CD C)

C'o CD m =
Lo C) 0)CD:) 0) C)

Uto co t-C)C)
o o I5

oo QoC C
4 4 C.O C) C) a)tC)C]cC' C) CD ID 0 IN
C') 4 C C, C, 0)C

LoCD )C C

> CD 1

to6C

+C) c; I? C

If) In C)c) ) CC C.
if ) ) C) c) C

C) C4H- 0) C) C> C) C0 0 1 0~' ~ 'C CD C) c
cd CDC'C)' :Zl cq)C C> C, C) C'D

"R, : *) "]C C,]C CD C)i

C. C

CD CD CGo C)DCl0c
C) C>)DQ ~
C) C> )r

L_ I
4o '0to']C CD C) t

t- 01 C) C> C) 0CL
m) c> )) C) C) c) ID

C)-- C) CZ) C>C)CCD C) C) c)l C)D C)

I 01

'A) co

C ~
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0)o 0 N
to 10 0 C

co N m IN

moC o C o C

0o Qo C C ' C

III

cd7

0 ~ in{1 G

- *'.~ '7 010 . C

m7 CA t1 L -

'aC'
to CD ID

IN

Qc sz ~ - oCC
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I

2

A (n-)(2) 12 - 42

A (a1 8, -5-79 2
(n -8 25 M - 2 ( y - 2)(-7r In-5

46 12 25

(n- - 2)25 - (n 2) (nI fl-

2 2 ' (9 G) 215

4

S -~V- 8)( - 22)( . 5)-

42 20i (1 -2 ' - 2 ') 2*37

7r 2 41 48 1' 5 7-9- 11 13- 15 17A (n 11) ( 25 )=  -12 221 (n 5) +-- )V
3!.(9 ) a

5

23i - -, D - ( -2)(n - ) - --2
q + 4_ . ( - 2) - 3 28 1. 3- 5" 7" 9).11

I6

Ir7
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and

2

2 2

B(n-5)(0 20 ) 6I T-96 12 )[ '370 (n~ 2) (n 2-5

B (n_ )(20) 2 f 376 1" 3.5'79 + 15 7(n - 2)(n -5) 1.3
B,12 (n 1 221(96 15 96

4 I L
71"24 (n -1)(n 2) (n 5) (n --n t - 8

2520 2/' h 2) 120

2 [ 08 -1.7.1112 [ (n /19
)(2048 1 3 5- 7-9- 11 1315 +L - (n 8)(n -Bn- )(2) 12 -5- (n-5 1(6 3  15 r) 15 2 -2

53 (96) L

( 2) 13 1- - - -
- (n- 2)(n - 5).n - ) + (n n T) 1 2

2!(96)

60 0 (n - 1 (n - ) (Ti7 ( n - 8)n ( - ,--) f20- n-l- 2)n ~ in - 5) (n - 8)
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Iii

-]Section 13

FURTHER REPRESENTATIONS FOR f(Q), g( ), p(Q), q(Q)

j a We can also show that
i f~n)(o) exp(i 5 n i) v ( (n- ) 2 4 n- 1 3)

. .6 2 _ Am(n) (3,) 6i mi =0j g(n0) exp' 5r) 37r) 3 B m(n)(2 -)27 4n- 3 1)

mm5 -, 6

(n) expli (56 7r(2) 2mi ~~1 i.r 3 n > -: 2d'f r Cm(n> .3r) m 2n-1 4

e 2xp[i ' .- 2] _ .n- 2) 4

111) (03.1)

where pX, i) is the generalized zeta function and, T(X,JA ) is the generalized tau
i II function

.£It !! , 1 -A x ::i:.,L

£ r(Xi) 2 (x, ) -(x , )

n=o (nA)i >1

T(X.) = -

n=o (+p) (13. 2)

i
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The coeffclients A (n), .. Dm(n are given by
m5

A (n) 1 A(n) ( n- 1)

_ 26385)
A2 (n) 5 3 (5n 2 - 143n + 26]

A 3 (n) 21.3 3  ' 16 7

Setc.3

B (n) - 1

7(n 3

()(9n 2 + 364n + 1 -
2n 29 32 1

2 3

25 (49 3+ n 2 + 01f n+ 38 887 952)
3 2 13. 34 2 80

etc.

C (n) =I
0

5
Cl(n) (n - 2)

C(n )  32 (n - 5)(5n - 128)

G =n 25 n 3  429n 2 + 52832n - 209780)

13-2
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D1 (n) I

Dl(n) 7 (n- 2)

D2(n) 79 . a (7n + 80)(n -5)

D()3 43 3 + 8673n 2 + 6175701 109 552 801)
3 2 3 10 20

5 We can also show that

( 1 - ' 21- ( ) 2 mT(42m 4 n-1 13)

s { TA. - N - ___3_ n _9 2 -- ,N

A i _fl - - R E  a l(a ) -- _ --3.-6

I 2-n- n-1 2( 3

N-1 3 42) 2 M  T(2m .n - 3-Aii'(- my.SN r I 2) 6

I00 n 2n-1 0L

'C~~~( ____ 3 '~(~ m n -1 N-1"29! C m( n ' 3 r 3 4)n-1. 2n-1-

-- s-N [Ai(-fl m) ] o 3
n n7T N-

3 The tau function can be written in the form

* r (X, t) - -)

(n + ,,

II

1 13-3
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for all values of X since this Is a summable divergent series for Re . < 1

a uniformly convergent series for Re ;. > 1, and a conditionally convergent series

for X = 1 . The Euler summation process can be used on this series to obtain the

values of the tau function for X < i . However, the form involving differences is

unsatisfactory fot analytical purposes and in its place we use the result

N-1 3(2f 1~ 4iN T(N) 48 T(N)
(-1)n T(n) (_,)n T(n) + N-) T(N) -dN

n=o v-o4 dN

1 
5  17 7

- --- TIN)-,1 T(N) +
480 dN5  80540 dN ) 7 '"

B d2n-1
+ (-1n (z2n -  (2n- dN- T(N) + .. ,

where B are the Bernoulli numbers
n

BB 1 1 1 5 691 13
l! -ro-- I34=fg -B d B6 T37

1 3 ' 430 5 2730 ' 7 6

Therefore, we take

N-1
n Ni -X IX ~X._1)(X 2.)

T W + (-1) (N _ 4. (N +p)

in the case of the zeta function the series

n=o(n

is a summable divergent series for R. < 1 and

13-4
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a uniformly convergent scrinn for Re X > 1 For ,X I the zeta funcf.on is

nut defined. This divergent series can be summed by using the Euler-Maclaurin

summation formula in a form involving derivatives, namely

N-i 3
(n T n)+T(N) +'T(n)dr 1 d 1 d3... a -- a T (N) + - T (N)
T(n) = T(n) + T(NTTn,12 N 720 N3

n=o no NdN

I d 5  1 7  1 9

3 - T(N) + i T(N) - 491 - T(N)
30240 dN5  

1209600 dN7  
47900160 dN 9

_ Bn  d2n- I
+ T(-l) (2n) dN2 n T(N) + ... (13.3)(

Therefore, we take

N-1
1 1 1. 1 n+)-(n -x

(X, -- 1 + (n + )-a +( 1---A)- (n

jn (n ( n 1)( 12
n=1

_(X + 1)(X_+ 2) X -(X +- ); (+X 2)(X - 3) (h + 4) -X-5

x~~1(X )(n + - +3304 +
720 30240

_2(, 1 3)(x "-4)("-_5_ . n )-X-7

1209600'''
(13.4.)

4 In the work of Fock it is suggested that the integrals be Axpressed in the forms

0_()_____) i exp( - e)± t Bit -_it_ t)_ dt1 qxp(idt) dt. + cx- f -2 7t) 1- it

o 0

00 00

g J Bi'(t) +dt -r exp t Bi'(t) - iAi'(t)

13-5
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p)Al I cit__ P( _f~ Ai") dt
.f xit)BI(t) I Ai(t) f/ cl (t it
0

AS' f- It pi~ + \x __ l

-1r T3 1Bj'(t) + i A~ )f-!()-1Ai'(t) 

0 0

It should be observed that

1 exp -1 + L)___1 d

7r V i~ Bi(t) i I Ai(t) TIt f x 2 Bi(t) - iAi(t)
-00 (

7r xpit Bi(L iAV!() dt= 2 1i'(t) iA 1'(t) d
-000

0

0

f xp(i~t) Bi(t) d. i~~t

- 1 B(- t) + 3 !~~t

-. 0

r~ex F3~ +x ~ I

I~~~~~~ exiit (t) t6 dt -tex _

\(i j I) ii'qtBi'/t) i~~)

Ai (t)

13-6
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The integrai of the form

I ameexp, t) . . . dt

are characterized by integrands which make them improper integrals. For ex-

ample, for t - , the integrands of p (4) and q( ) have the properties

3

IB i '(t) -iiLjexpi-2(_)
Bi(t) + i Ait) t -e -4j,(-t; 2 +

Bilt ' L Q ---__i O -exp i2 (-t)2 +
Dil(t) i Ai'(t) t 3

Iwhich permits us to write

I Bi(t) -IAi(t) exp(it)dt I exp [1t -1 4 (t)2]dt
Bi(t) +i Ai(t) 2V/ xpit-v d

0 0

Bi'(t) +I Ai'(t) -2V f exp i~t- i4 (t)2 dt (13.6)

-0 -00

The improper integral

|0
ox 3 (i 07"-"i( )= TJj exp i~tt .i -t) dt , <0

has a point of stationary phase at t - (4/2). It we write

t (-t) 3/21 2 2 +

113-7
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we note that

I(~) ~ '12 1 expf- (t j 2 d

fexp 2 U2~ dt

-0

ahrc nformly thonvrerntegthre.sec toav l ie rseingal.Othohr

Foanpopd e thtgatso thse interal eeautdb nrouigteepin

00

and uinterhangnvteroet of rsummto andintegain

(t) t332)
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U In this way we find that

s e os - J(n) + sin--l-+ Sin- (n)
n+ n T I ir IT

J[ in- ffJln + COS -- OS- COS -2 (n)

.n 7 't 6 2-+ si21 ( ) 6 2

08 +.i n j~ n 3~
Cos tr -4) 1 (n(+SI5C n +jj s in 117rT (n}

I (5n 4) 7 + sin (n) + Cos --h6+ 4) I - Cos PEI (n)!n 7rC

S COS n 2 71 +co r (n) + [sin + Sin ]J (jan - os 6 2 " t --2 n

S(5n+2) Pjj()tos(5n~ + t 2) 0 1~4~b t L+ 7 1 S}n7 olT~ n
bn .7 j- 3 il--" 7 i J (1) +  [cos 6 7- n 4n

L (n +2) n~r + 21 7r + Sin, 117

Cn  -os L s -/13 (0) + sin n) 21

CL- sin - + sin 2-13"

si r + si l n (a) + O 7r~ 2)S f r 1 , ( ) ~ (13.7)2
where

00

00 00
f(n) = f tt J (n) f t dt,

1 2

(t) G(t)

000

2- 2 yA d, J(n) =  n i{)i)dt,

. ~~13 (n) o 2t= 2t

14(n) = f tn 'i t A it dt, J4 (n.) = f t n A i I(t ) Ai ' (t) dt,
4 o F2(t) 0 2(t)

F2(t O F (t) , G2(t) = Ai2(t) + Bi'2(t) (138)

13-9
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The integrals I1 (n), ° J 4 (n) have been evaluated for n- 0 (1) 20 with an

accuracy of about five significant figtres.

For large values of n we have used the results

1 ( 15 1 1695 1 59025 1 2421 83775 1 A!(t)1r P1(t) -2Ai'(t) - + 22 -4-t+ 512 7 + l24 Tn 1.2179. -737rBi(t% \7T , .. .. t . ...... 13

1 21 1 2121 1 136479 1 2681 225612Ai(t)- _ 1 1 + - Ai'(t)
ir Pi(t) -\2t

2 + 3-2t5 512 t8 2048 t11 131072 t 1 4 +  A"' t

/ F 1 +16951 592
= 4Ai'(t)AiP(t) + -- -+--- - - +  .5 -- . )" A, A(t) Ai'(t)112 Bitr 8 t 128 t7 + 5 t~ 10

547625 14- l 43 1 +547 + .. i\ Aii(t)2 32 t 5 1024 t8  8192 11]

+ +- 1024 t0 8192 t1 3  ...

2 . Ai'(t)A i'(t).Ai(t) - +Ai'( l)Ai'(t) + 6 + 1695 " I902)

B1t (( 2 8 F 28 12 1
(2 tC t 12 + 2"

l ]" 1 ,38A(t) Ai(t) Ai(t) + 32)A(t'(t)\512 40-9+ 1--8t8- + 5161+ (.1 + 21 2 I 4683 1 590457 1 A

8 i6 1024 t1 32768 1

B(t I 8A(QA(t) A(t) 3Ail(t) A!'(t)t 2 4- 121 1 +.- 1364759125 )
1.7r f3-(t)211 468 i~ 47 1t7 25

-Ai'(t) Ai(t) Ai(t) /--+4 - .1 +3 1 4 1 5' 1 27 5 5  
1

1,3, 128 0 1024 1 32768 1

13-10
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along with a class ol integrals

to 0 001 f t'Ai(t)dt = -jf t"Al'ttdt 1 f TIi
n- = Ann APt B n f t nAi(t)Ai(t)dt - C
n!ftATtt=AIn n n n.o o o

00 00 00

1 f tfl~i?(t)AI~t~t f tTIA(t) AtI (t) dt -E -- I~A 3 td

00 00 W0

f, _ f1 t

tAi'(t)Ai(t)dt = D -J t"Ai(t)A,1(t)dt H' J t"Ai(t)dt = I

n! n n! n n.0  0o

1T TI 1 r . TI TI

n tA4(t)Adt = ',J f tnAl(t)Ai(t)tdt K 1" tni 2 (t)Ait 2 (t)dt LtTIAi 4(t)dt = f nA=t 1 f t'i)i)t= L
n! fA = an n nt=Kn  n-! n

t n id (t) , yf nM t' Ai'(t) dt = M n rf t ni(t Ail 4(t) cit = Qo oo
1 n f tAn AA4(t(t) A 'It ,t ? tn AiAit))AP4 (tat J

=i(t Ai' --- d0 n!

0 0fJAi (t)Ai,dt R L - A'(t)A ()dt S tn 1A A (t) = Qn
. 1 n ! 'n n!

0 0 0
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In this way we find, for example,

I (n)47 Ai(t) Ai'(t) Ai'(t) dt
0 Jilt) \ Bi'(t) 0

00

+7' 2S f in( +  L5 + 1695 _L +1_8 t-- ' A i 2(t)A i f(t) dt

2, J 2n 1 1.5 1 3615 1 \ ,..... ..

o Ut 2 t 1024t

41r.2 n'H + v 2 2(n - 1)! G +5 (n -4)! G .+
2 2 n Hn~ -__ Gn-i + 8 Gn-41 +

15 2 + T2 n-.5 +

cc oo co

( Ai'> 8 2. 4i(~d_ (t+)Ai4 (t7+ )Ad)d

-20 n I j tn 1 dt t n  "- I 1 + 1695 1 (t)dt
2 1 -- 32 4 51 70 Bt) B i2(t) o 0o

co

+8ir 3f 0 A i2 (t) A i I" (t )dIt -3r3/ tn (2+ J --4+. Ai3 (t) Ai'2(t)d(t

_37 3f in (_-I_ + - -5 I _+O  ') A 14 ( t )A i l( t )d t - 7r 3 f t n( 1 _ 45 L +.,.Ai 5(t)dt

2t 15 " 1695,

- 27rn! B- T .,( ) A0 41 4)( A14! A512n 7) A 7

590 -F (n 10)! A + 2421 83775 (n 13)' + '''+024- - 110 131072 An-13

+r 3 n' I 3 7r {2 (n 1)Qn 1 +1 (n 4)!Q 4
+ ""

15, .

3 '-! (n - 2)! P + T - 5)!
12 n-2 16-,

o(n, 3)! 0 + 6 ( - 0o +

13-12
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We have shown that
qA

A 1 A n

I

i~ ~ A, A-1 1 A 2 - !At( = ... An+
So ' A = -Ai( = ta V(1/3) 2 F- (2/3) 1 3 n+3

!and

SB 0 Ai(0) =- 2/3, B n -A n-1 ,n-.
:i o33 r(2/3)

Also, we have shown that

C A(0 1i 121 o ,,(0) -=
0 1 3 1/3 r(1/3)I

1 - At(0)AI'(0) 1

c 1  
2 1 1

2 10 10=3 r(2/3)

C n

n+3 2(2n + 7)' n!I

u Furthermore,

il 12 2~ lDo Ai (0) -3 2 3 r(2/3)

ID
D 1C n > n

- n-i 1 > n+ 2(2n + 5)

£2
IJ iE 2A1(0) Ai'(0)

II

13-13
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3 A1l
2(o)Eo- 0)

2 2,

2 7 Ai' 2 (o)

E = n~2  (n + 1)Cn+1

Similar results have been obtained for kn  , T n

For n > 20 we can neglect the integrals 12 14 J4 and use the approximations

00

11(n) f - dt 2-rn -A r2(n - 1)! A + -(n - A4) A +-- (n-7)! A +..I
1it n-1 12 n-i 32 n-4 + 1 n-7

J(n)(n 5)1 2A) +  21 -8)!A +"
1ltn) dt n A 22 n n-3 3 2 n - n n n-9

_=~ Aidt +- 1,!c 1 K} ~c .+
I • (= 7 nC (n - 4 n- + n -4) C- 1

+
6"

-0

J(n) t - - t 27rn! D (n -2)!E 21E + 2121(n - 53 Bi'(t)d 2 i11 2  En-2 3 2  .- )5112 - En-8
0

Thc above reprenentations have been used to compute the Taylor coefficients f (n)(0),
(ni) (n) (n1)

g (0), p (0), q4 (0) for n = 0(1)40. The numerical values obtained for these con-

stants are given in Tables 24-27. (Certain values for n < 0 are also included.)

!3-14
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E

Table 24

TABLE OF TAYLOR COEFFICIENTS y 6 FOR THE FUNCTIONS

f w). = Tm+r Zm!- + i 5m+r m.?

1 1 2 2.
nn , Vy

n n V r

-1 -0.368146 0. 212549 .425099

0 0.387911 -0. 671881 .775821

1 0 1. 14673 1. 14673

2 -0.431479 -0. 747343 .862957

3 -1. 74873 -L. 00963 2, 0192G

1 4 9. 97777 0 9, 97777

5 -12. 6478 7. 30219 14. 6044

6 -24. 5374 42, 5000 49. 0748

7 0 -3. 59472 x 102 3. 59472 x 10

8 3. 60285 x 102 6. M492 x 102 7. 20570 x 10 2

32 71105 x 103 1. 56522 x 103 3. 13045 x 104

10 -2. 91055 x 104 0 2. 91055 x 104

11 6- 24272 x 104 -3. 60424 x 104 7. 20847 x 104

12 1. 89184 x 105 -3. 27076 x 105 3. 78367 x 10 5

13 0 4. 18803 x 106  4. 18803 x 106

14 --6. 08711 x 10 6  -1. 05432 x 107 1. 2.742 x 107

4 15 -6. 41752 x 107 3. 70515 x 107 7.41031 x 107

16 9, 41657 x 108 0 9.41657 x 108

17 -2. 69736 x 109 1. 55732 x 109 3. 11464 x 109
1i010 i0I

18 -1. 07015 x 10 I0 1. 85356 x10 2.14030 x 10

13-15
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Table 24 (Cont'd)

nn 6n 1- "r + r

19 0 -3. 04929 x 10 3. 04929 x 1011

20 5. 61909 x 1011 9. 73255 x 10 1. 12382 x 101
112 1210n

21 7.41073 x 1 4. 27859 x 10 8. 55717 x 102
14 1.346x1.4

22 -1. 34416 x 10 0 1.34416 x 10.10l414 11

23 4.70865 x 1014 -2. 71854 x 10 5.43708 x 1014

24 2. 26253 x 1015 -3.91881 x'1 0
1 5  4. 52505 x 1015

25 0 7' ""95 , f,16 10 1 6
25, 0, 7 9 3--10 7. 72,963 x 1

26 -1. 69854 x 1017 -2. 94195 x 1017 3. 39707 x 1017

27 -2. 64831 x i0 1 8  -1. 52900 x 1018 3. 05800 x 1018

28 5.64059 x 1019 0 5. 64059 x 1019

1020  20 20
29 -2. 30587 x 1. 33130 x 10 2. 66259 x 10

30 -1. 28557 x 1021 2. 22667 x 2. 57114 x1021
022 12

31 0 -5.07533 x 10 5. 0753:3 x 1022

32 1. 27909 x 10 2 3  2. 21545 x 1023 2. 55818 x 10
]4 24 ,124

33 2. 2796:3 x 104 1. 31615 x 10 2. 63229 x 10

34 -5, 52593 x 1025 0 5. 52593 x 10Z5
126 026

35 2. 56058 x 1026 -1.47835 x 10 2. 95670 x 1.0
10727 ;.12

36 1. 61199 x 1027 -2. 79204 x 10 3. 22398 x
128

37 0 7. 16039 x 10 7. 16039 x 1028

38 -2. 02353 x 10 2 9  -3. 50486 x1029 4. 04707 x1029

39 -4. 03109 x 10 0  -2. 32735 x 1030 4. 65471 x

40 1. 08894 x 10 3 2  0 1.08894 x 1032

13-16 A
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Table 25

TABLE OF TAYLOR COEFFICIENTS a n FOR THE FUNCTIONSni '

00 00

m+r m + Om+r i!

'I2 2
m-Fa n 4=

-5 1. 444255 -0. 833841 1. 66768

-4 -0. 847553 1. 46800 1. 69511

-3 0 -1. 71501 1. 71501

-2 0.8 5588 1. 48242 1. 71175

-1 -1. 42244 -0. 82125 1. 64249

0 1. 39938 0 1. 39938

1 -0. 647253 0. 373692 0. 747384

2 -0. 343104 0. 594273 0. 686207

3 0 -2,94954 2.94954

4 1. 74135 3. 01611 3.48271

5 7. 74049 4. 46897 8. 93795

6 -56. 1946 0 56. 1946

7 84, -802 -48. 8324 97. 6648

8 1. 85255 x 102 -3, 20611 x 102 370285 x 102

9 0 3.08379 x 103 3. 08379 x 10 3

10 -3.45171 x 103  -5. 97854 x 10 6. 90342 x 103

11 -2. 86020 x 104  -1. 65134 x 104  3. 30268 x 104

12 3. 36144 x 105 0 3. 36144 x 105

13 -7. 83146 x 105 4. 52149 x 105 9. 04299 x 105

14 -2. 56109 x 106 4. 43593 x 106 5, 12217 x 10 6

15 0 -0. 608715 x 10 0. 608715 x 108

13-17
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Table 25 (Cont'a)

2 2
n 11

16 9. 45444 x 107 1. 63756 x 108 1. 89089 x 108

17 1. 06114 x 109 6, 12648 x 108 1, 22530l x 109

18 -1. 65044 x 1010 0 1. 65044 x 1010
1010 O10  .7691 x10

19 4. 99689 x 101.0 -2. 88495 x 100 5.76991 x 10
112 1 .1716

20 0. 208930 x 10 -0. 361878 x 1012 4. 17860 x 10
112 12

21 0 6. 25779 x 10 6. 25779 x 1

22 -1. 20927 x 10 -2. 09452 x 1 2.41855 x 1013
14014 14

23 -1. 66888 x 1014 -0. 963526 x 10 . 92705 x IU1

24 3 16128 x 1015 0 3. 16128 x 1015

25 -1. 15446 x 10O 0 1 .33306 x

26 -5. 77329 x 1016 9. 9996:3 x 1.15466 x1017
_ 118 18

27 0 -2. 05226 x 10 2.05226 x10

28 4. 67362 x 1018 8. 09434 x 1018 9. 34724 x 10 1 8

29 7. 55164 x 1011 4. 35994 x 101 9  8. '71988x 1019

30 -1. 66478 x 0 1. 00478 x 102
202

31 7.03610 x 1021 -4. 06230 x 1021 8, 12459 x 1021
122 122

32 4. 05126 x 10 -7. 01698 x 10 2 2  8. 10251 x 10

33 0 1. 65014 x 10 24  1.65014 x 1024
024242

34 -4. 28655 x 10 -7.42452 x 1024 8. 57309 x 104• 1025 125

35 -7. 86747 x 1025 -4. 54228 x 102 5  9. 08457 x 10
027 127

36 1. 96235 x 10 0 1. 96235 x 10

37 -9. 34900 x 1027 5. 39765 x 10 27 , 07953 x 102 8

38 -6. 04673 x 1028 1, 04732 x 1029 1. 20935 x 1029

39 0 -2. 75752 x 1030 2. 75752 x 103 0

40 7, 99506 x 1030 1. 38478 x 1031 1.59901 x 1031

13-18
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M

Table 26

TABLE OF TAYLOR COEFFICIENTS c d FOR THE FUNCTIONSn

co c
( Cr m! +i dm+r m'

In =0 1n -0

,c d " 2 2

i n n n n1 n

0 0. 306628 -0. 177032 0. 354064

1 -0. 075074 0. 130032 0. 150139

2 0 0.019102 0.019102

3 -0. 103899 -0. 179957 0. 207797

4 0. 263286 0. 152009 0. 304017

5 0. 016830 0 0. 016830

6 -1.00941 0.582785 1. 16557

7 1,30741. -2.26451 2. 61483

8 0 -0. 050352 0. 050352

9 8.85214 15. 3323 17. 7043

1.0 -44, 1769 -25. 5056 51. 011

11 -0. 312482 0 0. 312482

12 4. 46438 x 102 -2.57751 x 102 5. 30630 x 10 2

13 -8. 88385 x 102 1, 53873 x 103 1. 77677 x 103

14 0 0.327929 0. 327929

15 -1. 22548 x 10 -2. 12260 x 10 2, 45097 x 104

16 8.41077 x 10 4  4. 85596 x 104 9. 71193 x 10

17 52.0334 0 52. 0334

18 -1. 49242 x 10 8. 61651 x 105 1. 72330 x 06

19 3. 83642 x 106 -6. 64488 x 106 7. 679,. x 106

20 0 -1. 16244 x 103 1. 16244 x 103
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Table 26 (Cont'd)

8 2

n" {21" F3 d3 n

21 8.42125 x 107 1.45860 x 108 1. 68425 x 108

22 7. 16724I x 108 -4, 13801 x 108 R. 27602 x 108

23 0 0 0
10t0  10 10

24 1.89036 x -1. 09140 x 101 2. 18279 x 1010
100111 11

25 -5. 84380 x 10 1.01218 x 10 1. 16876 x 10

26 0 0 012 12 11

27 --. 81137 x 10 -3. 13739 x 10 3. 62274 x 10l110.303 113

28 1. 81272 x 10 1. 04657 x 10 2. 0931b x 10

29 0 0 0
014 14

30 -6., '8931 x 0 3.74060 x 10 7. 49321 x 1014

31 2. 31776 x 10 1 -4. 01448 x 1015 4. 63552 x 1015

32 0 0 0

33 9. 41929 x 1016 1.63066 x 1017 1. 881186 x 1017

:34 -1. 07722 x 0-G. 21933 x 10 1.24[387 x. 18

:35 0 0 0109l19 5.119

36 4. 94407 x 10 -2. 85446 x 1020 5.70892 x10

37 1. 98836 x 1 0  3. 44394 x 10 3. 97672 x 10

38 0 0 0122 22 222

39 -1. 01748 x 10 -1. 76234 x 10 2.03497 x 10
22 23

40 1. 29347 x 10") 7. 46786 x 10 1.49357 x 10

41 0 0 0

42 -7. 31948 x 1024 4. 22590 x 1025 8. 45180 x 1025

43 3. 25563 x 1025 -5. 63892 x 10 6. 51126 x 10

44 0 0 0.2727272

45 2. 02294 x 10 3. 50384 x 10 4. 04589 x 10
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Table 26 (Cont'd)

i 2 + d2
n  n n n

108  08 128
46 -2, 82412 x 1o28 -1. 63051 x 10 3. 26101 x 10

C47 0 0 0

1. 91.512 x 10 -1. 10569 x"10 2. 21138 x 10030 31 031

4-. 29714 x 1. 61081 x. 85943 x 10
S50 0 0 0

Ii
I
I

I

13-21
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Table 27

TABLE OF TAYLOR COEFFICIENTS a , nFORTE FUNCTIONS

q (r) (. ) am - m--- - i b ,, --

I-n'

HIl -O h

II .2 .2

11 l 1/ a f1 )

-14 -0. 643967 --0. 371795 0. 743989

-13 0. 757564 0 0. 757564

-12 -0. 668399 0. 385901 0. 771801

-11 0. 393153 -0. 680961 0. 786306

-10 0 0.801086 0.801086

-9 -0. 408075 --0. 706805 0. 816149

-8 0. 720114 0.415758 0. 831516

-7 -..0. 8,17238 0 0. 847238

-6 0. 747798 -0. 4:31742 0. 86348:3

- .-0.440416 0. 762823 0. 88083:3

-4 0 -0. 901488 0. 901488

-3 0. 46760:3 0. 809912 0. 935205

-2 -0, 904914 -0 522453 -. 0,44906

-1 0. 537744 0. 147704 0. 557660

0 -0. 266001 0. 153626 0. 307177

1 0, 131893 -0. 228410 0. 263755

2 0 0. 040272 0. 040272

3 0. l12164 0. 218471 0.252283

4 -0. 361509 -0. 208757 0.417454

5 0. 03:3482 0 0. 033482
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Table 27 (Cont'd)

ab "a2 +b 2

n n n n

6 1.19487 -0. 690009 1. 37 F

/ -1. 56808 2. 71544 3. 13568

8 0 -0. 08668 0. 08668

9 -9.99823 -17. 3138 19. 9933

10 49.6659 28.6805 57.3521
11 - 0. 475105 0 0. 475105

12 -4. 88786 x 102 2. 82260 x 102 5. 64431 x 102

13 .6294.'.I- -1652 x 1.03 1. 93449 x 103

i14 0 4,.554G9 4. 55469

15 1. 31501 x 104 2. 27719 x 104 2. 62961 x 104

16 -8. 99173 x tO -5. 19245 x 10 1. 03833 x 10

17 67. 8254 0 67. 8254

18 1. 58366 x 106 -9. 14516 x 105 1, 82875 x 106

19 -4. 05504 x 106 7. 02207 x 106 8. 10881 x 106

20 0 -1.44881 x 103 1.44881 x 10 3

21 -8. 65467 x 107 -1. 49903 x 108 1. 73093 x 108

22 7.51322 x 108 4.33776 x 108 8 67552 x 108

1 23 0 0 0
1010 ~10011

24 -1. 93601 x 1010 1. 11775 x 10 2. 23551 x 10. 00111 I1i

25 5.97790 x -1. 03540 x 10 1. 19558 x 10

26 0 0 0

27 1. 84938 x 10 3. 20322 x 10 3.69876 x 10
A n~r In1313 1

28 -1. 34935 -1. 06772 x 10 2. 13544 x 1013

29 0 0 0
015 14 14

30 6. 61135 x 10 -3. 81707 x 10 3. 87390 x 1

113-23
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Table 27 (Cont'd)

n •* a 2 2 2

S101510 1) 5

31, -2. 35990 x 10 4. 08747 x 10 - 4. 71980 x 10

32 0 0 0

33 -9. 61080 x 101 6  -1. 66464 x 1017 1. 69216 x 1017

34 1. 09507 x 10 6. 32241 x 10 1. 26448 x JO18

35 0 0

36 -5. 0213:3 x 1019 2. 89907 x 79813 x1019

37 2. 01857 x 102
0  -3. 49626 x 1020 4. 03714 x 1020

3Q 0 0 0

39 1. 0:3213 x 022 1. 78770 x 2, 06426 x 1022

40 -1. 31201 x 1 23  -7. 57488 x 7. 57602 x 1022

41 0 0 0

42 7. 49854 x 10 A. 3292 8 x 10 8. 65857 x 10025 12

43 -3. 33337 x 1025 5. 77356 x 10 6. 66674 x 1025

44 0 0 0
.27 27 27

604 xl. 5'6,, x 10 4. 13808 x 104 28 28
46 2. 88703 x 10 1. 6668:3 x 10 3. 33365 x

47 0 0 0-3 3003

48 1. 95595 x 1030 1 12927 x 0 2. 25854 x 10130 031 3

49 9. 49125 x 10 -1. 64393 x 10 1. 89825 x 1.0

50 0 0 0
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Section 14I a RELATIONS BETWEEN THE INTEGRALS

I I In this section we will obtain some relations between the Integrals. Since

-00

1 3

3x~ t v(t ep + j -~ )Jd (14.1)

Therefore, we see that the integrabh

Wf exp t4) g 1____ 1 e xp (i t)

are related to the integrals

(p jexp~i~) , t dt, '-I(VI~t)

] 14-1
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inl the follow-iig manner;~

0

__ = 1- f expi
17 7r P 1 27r

-00

I A 311 (14.2)
-00

Hf we let

Fexp (I - 3 f() G (t) expli u3) g(4

we can write

expi 00 , ) I x 2 + i )IF ()d

rexp (~~i :3 .1 (101) exp(- it 2  + ±it,)C4 )

Now write

1~ 1 3) A ) 1 r / (c1

14-2
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Now define a new variable u by the definition

-i+ u
U2

( 
2  2 2

Then we have

7- 12PI~'~ 1 = 27r -2 1 fJ (
(14.3)

co T

T exp (exp u G +du.

If we write

IiI' ( +JiU)G(1+ F ) r j +~-~
F+ F -1 7

And use the properties

oo exp r u2 du expO 1,

fuexp Eudu 0
-00

fr u2 exp I u du _ exp(i

I i14-3j LOCKHfEED AIRCRAFT CORAP'ORATION MISSIIES and SPACE DIVISION
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we arrive at

_. 1_ cxp , ) i

(14.4)
exp~i ) (l =  e p -  l  G 1) -- 1 2G-2 2-

(i .i- 1 1 Gf 1 (_2

This result is primarily useful for large negative values of For example,

since

W 1 175 1
44:3 246 64 9

2 * 299 i5
S21 (;A- 4C) 9  + " (14.5)

and

3 :0 1575 1 .

F4 - 7 4 10

3i 12 2691G'.) ?-_.-Z 2 7 32 '10 " '

L i 01 + 84 134555 8 16 11

we find that

~~4-~4- i4~- P +

.: i" i 1  4 _7+ i 28 + . .

\2' - 1- " l -° 4 1

2 4, 44 2) 2] 2, + 2 F)

14-4

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION 5



J Therefore,

-7) 2 0+

12 1 r 4
We can alqo show that the integrals

00 

00
f 

r / expti
A ~ fx~it ~ dt v( ~ ex it) dtI Iu~s 1r - ~ w1 (t) fTwI(t)

i are related to the integrals
00 0

f()expnh4t) 1dt g(~ f exp(i~t) -dt

in the following manner:

00 00

S+~ -1 expit) v (t) (t = -- / epi ~)1 (4 )d
-'- -00 X ,r- -. 1 x r0 d

00 - 00

3 ~ (~) - exp(i t) v,(t) dt =- -exp fi v d4)I~()I

j Since

00

exp (i v (t) dt ep 3 3Ir7 e_ (i t) v (t) dt ex- -i

J 14-5
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we can write

o0

1'() p i l exp i + ,I exp ^ - ) (:

0

g,) =cxp(-i 3) _ 2 f (A )e 1p -A (- )v) . (14.7)

We remark that (4) and Av(A) are even functions of .

We can also write

00

xiI - i + / 2 2 13
1A 1 2%7 ") u (l~1

(A)Ap F 1 )- } /(-A)exp(i 2 G ~+ i v3

Ner , - 0,

' exp(i~t) v(t) V'(1)dt _2

-0

2T 1 11

-0 W L t It 2 -4 A) (_ 12 )

If we define

CX) ISS S

u~ ~ 3 A ex ix 2 -p

V( exp i-12 v ( ) " 2 V-

14-6
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U we can write

c0

2 (_ exp(-it 2 5i+ i$t 2 _ 3

Nowi writ 1et ' exp Y-it t +it44 l 4 )Ve dt (14.9)

Now carite

1- 3 2 -4 2 =1 2 1) 3 + t 2 )2
¥ - I i T 2 -+ -

so that if we let

=2 1 + 1u

i i(t 2t 2)2 7r 2

S we can write

= +  
-" exp 4 u3)exp(i~u2)U(2i + uu

00

/ 3)2

I-00 1 4iU

Now consider the case for which is moderately large and write

Ir + 1 r
I4 -

14-7
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U(2, 1) 4 /pU) U(2 1 + U'(2',) ~-u + U' (2 )u +

+ V(2, +- U) V (2 + IV2(2t UV' + .

2V'(2) (2 1  )JU

We then find that since

vX.iepi - u2)d u =
-f2expl

f711 ('Xl ) t
Ift ('X l) LI  (I I I ,, ..

we have

F(4 + i ; +- tT(2A) ± TI''(4 +

Gy 1 +]4 r VxP if(2 1  + 12 IV() W 4- V (2y1+"I '_

141-8
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Since

1I V(2y 1 )-- #.eA2141 e)

we obtain

The results in this section reveal that u () and v (4) are the basic functions, and,

at least in principle, the functions f( ), g( ) and p( ), q( ) can be considered to be

integrals of u (h), v (&). However, except for the asymptotic formula discussed above,

no practical use (for the purpose of computing f, g, , ) for these relations has been

found. However, from a theoretical point of view, these relations are of great value.

II

14-9
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I
A

Section 15

REPRESENTATIONS FOR GENERA I !ZED INTEGRALS

The Fourier integrals

|2
F(x,Yot, 6)  G x0y83,°

by&Y (15.1)
G(x,Yy ) (x ,Y) v(ty) v(t)-qv(t) w (t-Yo)wl(t -y)5dt

play an important role in the theory of diffraction by convex surfaces and in the theory

of propagation over plane surfaces above which the index of refraction increases

linearly with height. The functions appearing in the integrand are the Airy integrals

v(t) 7 o (3 t)

!w 1(t)= -%-f ex(t+x)1 + ex [i(.-x+x)]d.
o o

We can show that G (x,y o , y, q) is the solution of the inhornogoneous diffusion equation

2 0 < y< 00
a2G 8G x)6(y y

which has the property

+gy q = 0

15-1
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and which, for y >> y 0 has the property that
00

8arg G > 0

1.e. , the phase of G increases with an increas of y, provided y >> y

The integrals can be evaluated in the form of a series of residues

CIO exp(ixt ) w1
1(t - y) W'(ts- yO)

F~xYo y,5 )  = __,-
F(xty''5' t 2 w (t S) W (ts)

s=lt

0 ('xp(ixLt) w1
t (t -y ) wl'(t -Y)

SS
/qI -(si 2)  WI.,'(t w I.,(ts

CI exp(ixt ) w (ts -Y) W.(ts-Y o)

G(x 0 2 -,) _10 I (s (15.3)2 Wl1.q)  wI (ts)

S-

eX w (t- y) w(t S-)

1-/qlw'() w]t)

s=l

where t dlmotes the roots of

w., . . . .w t 0,

In order to obtain the.se fri1mi S we have 1nailV US ( of the fact w (i.) and v(t) are

solutions of the di flcrential (juatiors

wi"(t) t w (t), v" (t) t v(t)

O5-2 I

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISIONi



j

LMSD-288087

which have the Wronskian

~~v (t) w '() v() Wz(t) = 1

We call the fields

exp -) 3y-y 33 (y -)2
( o Y) 4x1L I i 2x 2i 2C a 4x

_ = 2 J exp(ixt) w'(t.-y) v(t-y)dt

th3 (y a o)

G4 (Xe Y xp[-I +( (y-"2,[0 x - 2( 2 ( 2 0 4x

12I cc exp(ix) w (t- y) (te-y<)dt (15.4)

the primary fields or the "point source" fields. We can show that

x - 0 0 ~2xv"-rx2 7)

It is convenient to renormalize F(x,Y,y ). and G(x,yo,y,q) by defining

} ~ ~U(x,Yo~y,6) = 4x4-7x ep4 F(x,y,,6-

V(X,Yopy,q) = 2 r r-x exp(-i4E G(A, yoy, q) (154 6)

L15-3
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It is also convenient to introduce the spucial ....utions U (x, 6) and V (x,q) defined
by

U(x,0, 0,6) 2 U(X,)

V(x,0,0,q) 2V (x,q) (15.7)

or ___________________________________ ______________________

/2
u(x, 6) ex xpit dt

( ) exp(ixt) wl(t) dt (15.8)

V , w q(ty-c wl(t)I!
We can show that

uo(0,5) = 1

V (O,q) 1 (15.9)

if wt !i y3 we can introduce the asymptotic estimates

1/4 3/2 -(t - y ) -  expXI)o 1  4 -, Y0-iy
Y1 0 o o ]

-Y xp 7r) Y1/4 ( l 31/2

to obtain

F(x,-, y, 6) exp(- ),1/4 exp2 2 3/2) F, y6)Fx, oy( 4 7)o 3 ~o I 27Fl'n

G(x,y, q) = exp(i 7 ) ,-1/4 cxp 3/2) 1 G (1,5.11)

15-4
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jt
I where

I I - x -

and

00

F (,y,q6) f exp(ft)vT( t -y) v(t)sv(t) w ,(t-y) dt
~7 w F f y , ) =- _-Y-w(t ) -5 W'(t-) 1

1 f~q exp(i!t) v(t -y)' V ,( q v (t)  (15 It2)d

Gl( ,y~ - 0 w_ ()- q ~_w (t1y) dt

We call the fields

00

(#" Y) 1

So y) e exp(it) v(t-y)dt = it exp iy- i (.

003

_G 0 ( oy) "- ~=I~pit) v ( - Y) (t e'1 y I

the primary fields or the "plane wave" fields. We observe that G ( ,y,q) satisfies

the diffusion equation

i 0~2G
__ EG 1

S+ + YG 1 = 0

and the boundary condition

+ q C ) 0.
y=O

Also, we observe that

F F y6 G(,y 1/6). (15.14)

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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For v = 0 we define the special functions UI( ,5) V1 ( q) as follows

U () F 0 )o 7 j exp(14t) wl(t)" 6W1 (t) dt

V ( ,q) = Gl( ,0,q) ./ x_ it wl'(t) qwpt) dt (15.15)

For y-- we find that

F . b G y 1/4 (i 2 3/2 W (z.tY _!(,) 1~+ i y xp y)U 2 (z,o)

S-1/4 e .p6 2 y3/2)

I, y y V2 (zq) (15.16)

where

z=W K

and

U 2 (z,6) V 2 (z,-)

and

q)(71q) f oxp(izt) dt-- (t) (15.17)V2(/'q '-- - 0 w 1 (t) -l qw I

The function GI( y) is defined by

3y 1 (i z 3 - K(-r)1, z < 0

-. , (I 3/2) K(T) z > 0 (15. 18)

y 
3

15-6
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~where

4
T 7- JZ, /I (15.19)

and K(r) Is the modified Fresnel integral

K(T eXp(l- -T exp(i 8 Ids (15.20)
T

We also observe that if y is large, but not infinite, we can write

V(xy°Yq) H(xeYy) + " - 3/2 + y3/2 V2(z,q) (15.21)

0Y )y -O 0~,Ny)+~Yo

where

and

H(x,y,yo) ex __xx
0(,~o x 2 + (Y 1 + Y2 ) + 4x

+ K - exp[i (3/2 3/2_ p K(:T)Yykoy 37 Yo )

(15.22)
•_ 4y t.ex~ 2( 3/2 y3/2)j1

exp23 + Y .]/ K(T ), z >0

where

T p = z ,  /A +- -F(15. 23)
0

15-7
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u 1 1 (z, 6) =v 1 ()

v (1 z, q) ~x~ )/exp(izt)V v (I v c~I!Lt (15.24)

For large values Of T

p K(T) + V (Y,)-----" (z, q)

p~ K(-T) V V(z, q) (z c ii

I since
eXI)(i 7!)

III or(l(,r to evalluate the HpeeiI I lolls defillod ahove We write

u (X, () exp V7( eXp(ixt) W t w (it exp i 2 '7rx)(,6

U11G,,(1) (t (I~( wTj (t) (i 'X i")n)Kx

j V~1 (z,6) -exp (i )s

v (z (1) exp([5. 25)

.15-8
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Wilete the( tullctiflhs9 W0' jflyU 1101V inlti'odced have the 1LjetCLId

2r i~ - 1j fxin.W(t) dt(
wpt) m=0

I co

f( ~ Tc - Jexp (i t) (t - Yw t di \ f

_ _t

K~e~~ fexpwit) ci = J U)

Co

g( ,P) w- LeP( ) -, (t :) 1it rn(t

s(4 ~) ~ fexpoi~q OyLD__v(t),lt fcxp(1wt *-,+-)-it + \8()j~WA j, w(t) - P w I(o T w1 (t W in-

These functions can be represented il- the form of residue iscrics. Lct

w1() -Ccw(T 5  = 1, 2, 3,

T 1 w (t) o

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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Then we can write

e i exp(iV t )

J(, i) 2( .
J(J, 2 t- / 2

-aT

s~~~l s ~

T= S 4 ~ sj I (15. 27)

. --, exp(i t

r2 i l3 - 2c - twk( )12  s(2,f%) 2T I'- f2 [w (ts)'*,

Let us now obse-ve that if

w (T) - a w (") =- 0
l S

then since

w'(T) T W (T)

we find that

w(T) -&-- - w'(T-) 
W l s  

d(- o

or

1 (15, 28)
d cv 2

1-aT"

If we define t to be the solution of

w (t = 0 (15.29)

15-10

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION



I

and t to be the solution of

1' o (15330)

then we can write the limiting forms of T (a) in the form
s

Tr s (0) = t s

We can then use the differential equation to show thatI 3S-o 3 14 1 02 5 7 3 1 ("
r (a) =t + a +- a "-a-- 7 a + -(to)a + -+-& +, t g ~ + ,+"'

51 34 oWI s \7 28'
4(15.31)

vWe can also show that

dt d 1
dfl t 2

I We define to to be the solution of

S0I w'(t0°) 0 .

The differential equation then loads to

ts([3) = to + _1 f___ [ 1 ±

t0 2 (t, (3(to ) \ o

V+<+°> +(g 19(o> ,
C(15.32)

15-11
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Fronm the pro;perties

w'(rS) wf(t) 1+ ( - t + + (T t
2 B2 t±

(t) 2  so S

+ s -(T - s4 + s2 (Ts '  +  " "

\w it ) W ,r (t r 0 1 + 1 t S (t s -- 0 2 + I (t S _ t, )

(tS; t 

8. o 4 + S (t tO. 5 +2-4 ( ts) 30" -t S '

we find that

,0 to 2 1 3 2 4 19

Wl(T w](ts Y 4 (V + 0 0 (30 ( -: ) (V ...
is 2 3 l--~-Y~P 8 (t 1s.3

3 ( :i_ 3 4
1 ( t ) s 2(tt) 3 L I 'l

+(t +

(t , 2("S: '

We can also ;how that

: I I + t0 cy 2  F n! 3 (t,- s2 (Y't + 7 (ts)V 5 + . .
12 s s (

I s (15.34)

S

S1 21 45
(o) 4(to) 8( s )7

58 + 231 03 5 +

S20(t 8(

15-12
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II
i3 and

It

I _I o + .51¢> 41.

exp(i T) exp(it 0 ) 1 + ij a + ( ts) - 3i a 3

+ 1 - (t-) + 4) a 4

3 (LO 2 1 3- +1 a5-_ L 5( 5. )

1 111 exp(i -ts exp(iRto) 1 + I ~l~ - (s 2 4
- 1 1

3 I 2 I!

+ , - + 2 1 1
3 (t' _ ft4 _2.t'_ _1

3(t,) 24(to) 12(t) 4(ts)

7o o

8(ts)

~~+L' 5(: 3 -  °--+ _t5  1

.... 6 (to)4  1 10 5

+ 2 3 + 21 4

4(ts)5 +  20(to) 12(t°

7 2 + i} 7 5 +.'' (15.36)

8 (to) 8(t') 8  8(oI4

I15-13
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These results can be used to show that:

exp(RT 1 2 2 + + t- i 3) 3
1 exp(it) I ++( +- a-- +"'

5 1 2 )S

+ - 2 t + (t 4

A 120

I . -i-- .t ) 4 .537)

exp(i T) exp(i4t) j
- - - 2 1ts)

(1-a T )wI'(S) W't )(

s is is + ( l.± -i t's

+ 1 134 3(t0 2 7 2t ) 4
k12 241 8 (t) 12 8

17 2 15 6 t
S121220) 5 s

Si t 9 - (ts)Ja + 9

(15. 38)
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I

+'7 14 2t c4
5-2 1 5 2T4 1 +

1 20 00 1j Ul

5 (t-) 2 ) a5 + (15. 39)

'xp~it) exp(i t:), + - - +S+ (t u)3 + 2 2 ( 2t a2(t 2(t 5ts~~ ~ G)tt> (:" >

+ . 5 2. 15 1 4 21_ 5 3
/ I + - (t 2(t)

S 8

-1. 5 2 15 + 5 ;4 21 5J

+-1 _ 2 1 . j 1817 1 4 2314 (t) 120(t) 20(t>) 8(t ) 20(t

8(t) (t 8(t)l 0  1 -. ( ') + , 5

8
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exp(it ) 1 exp(l t ) I /t.) 2  
_

_+

2.31
- o4 --

5 . 1 .1 3 1 253\
2( 2(t') 3  

2(ts) 4 (t2(

3 7 2 8 1 4 91

+ ( -3 -- .o O
s s __(_i2 35 ,.3')

Of0)
3  o4 5 to)
1) 12(t) 3(t') 24( . 24(t)

3 25 2 + 3 5 4

277 1 4 357 i o7
40(t1) 8(t 40(t ) 8(t s )2,3 1 3 23 2 1

+ 7: 2+ ..6' 3 +.54 i
42(tf). 0 7~ °i 8W) 4(t 8(t)' )8"

(15.41)
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lo.~ o 2 32

f (t 6) 2(t ) 2(t) '

2 [ 35 3+ 1

1 931+ 1 4 7 . 5 3
12(is ) 0 12(t0

12 5t) 5 (t) 24 t'(

+ 24 1 ,4 63 7

7 7 8 08 ~ t (t(ts)1- ) 8t)

+_43- +1 .3 63 - 5
2(t )6 8(t s 8 1t0)1 I)

S l 
?

(15. 42)

15.1 THE INTEGRALS Jn{ )

We can now use these exrpnnsions to show that
)  exp(tt) =j(O)(~~)( ) 780

Io 9) 8 (it)xp(1t()o)

s-1

J )1 exp( J 2)

S=1s

]15-17
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IT ) = i/ + i t- exp m ts) = 1 .3 I0) 0 +4 J(I )

JIT._ 0 - i 5 + - 4 5 - (t )l ow

I ) 5 2 J() (2)

4 0 23 t0
2 exfi21 + i }5 7to i, 3t 23 t 21

+- t + (t exp(i t s

1 2 3 s S 15 S S3

3 - 2 1)j(O)( ) (t 7 + 13)j(1)( ) i .23IT (2)

In general, we have I

I (1M (-) -IT 1(1 ) -- (15.44)

We obs(rve that

d
IT~ J(4)

where 0

(c) IT (t(,) IT (0) eXl)(itS) cxP

where rv (enotes the roots of the, Airy function

Ai ( a- ) 0.

15-18
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We can also write

c+ tn

c p (x a) d (Y x f -- = exp(i
27i A,>? 2

3n - 3 . \ f .;

- - .3/2

n0~~ 30 2)7)~~4P2I 3 2(2) 4

c x p ' 2 + ' .
32 -2)

where A denotes the coefficient of (,(3n+1/2) in the asymptotic expansion of then

logarithmic derivative of the Airy function

Aj ( 3n- 1 / 2 ) 1_ 5 1 15 1 1105 1 1095 1Al~ -I4 32- 5/2 64 4 + 2048 1024 7
A(-) a 4 8 2

414125 1 59025 1 12820 31525
65536 -17/2 2048 10 8388608 21/2

2421 83775 1
262144 (13 +  "'"

15.2 TIll INTEGRALS K ( )INA n'

We can also show that

oexp(i t ) K(0)(*)

00 04 4

K s= 1 2 t 0

15-19
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2 () = . -2-- -. 2 2 + _cxp(i4 . ( .4

, 1 7

o4 3 o 2
s-i~.2(1~1 2( )) 2(L ) t( ( (~,o

23 = ~ -i -  +  
-. 1.; ' .. . . .+ i 3

K -M 5 1_ 
'1 3 7 4

s ('- ( - iL

5 (.. 0 ... 2x ( 4) 1'5.(_ 3) 72K(- ) (4 _ K(- )

+2 K 2 (4) + K (-l(; +" (7) + i 8K " 0

15 15 221 1 4 15 .

K- K(5)(+ + t4: _K(-)- - -4 - K -4 )

KI( _ ._(i;_ {_ _72 7 .. 2 1-- 1 t t .... f

8 (t 5 4(t )' 0) 7 s. (t o 6; 4 --24 ( t .)' 4 .10 ' (,

.q) 3(t )  35 5 ( 7)  3 5(°)-[5

(tJ S) t

-- 4dt K -() t) -f i . ' ( ) i K ( -5) N - 1 K (-' ( ) 15 K (

II

5~ ~ 5 2K(-3))(K(-2

G~~i --- 1 -207 2 2 : 1
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We can show that

dKn(4) ) 1 2~d n Kn + iK (15.46)

We observe that

K (nP) (n K(,)
d t n

where

K(1) K(0)() K t3 exp( cPs

where 0s denotes the roots of the derivative of the Airy function

Ai'(- /s) 0.

We can also write

2iw) x ex,-i dY exp i

eXp '3epxo Io

4 exp'4i 1 ++" '

-x=(- xp)-i]/ 2 B n

e x p(i 3E) I B
3, r 3n+1\

15-21
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I

where 13 denotes the coefficient of c in the asymptol Iexpanson of the

logarithmic derivative of the Airy function

cc

log Ai'(a) A;" a B y _, d ' Ai'((Y) A!,'((Y) 1n 3n- 1

11--0 2

1 7 1 21 1 1463 1
4 32 5/2 64 a4 9048 11/2

+ 2121 1 495271 1 2 136479 1
1024 7 65536 17/2 409C 10

14457 13003 1 268122561 1
8388(;18 2 +  262144 13

n, QR

For n < 0, the functions K(n( must be written in the form

2

K~n')( ) K Kr n)(0) K + ()(0) x d K (n+ 2)(0) .- A ...2

00

+ K (-2) (0) + K (- (1 e( - - B n i . _
(n -2). -n F 13 m -2n +1)

(15.47)

where

K-1)(0 x i - (15.48)

IThe infinite series

S (15.49)

1

15-22
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jc ai be summed exnaly by using the generating" function

- A 1 + aS 2 S-Va 3 54+
Ai'(rr)- - .. (a-vfls) pl- - 1= - -  - + 3  -  '

a 2  3  4a' (3) + S) P

S + a-S +4S -(6 + 6 -S3 + .. (15.50)

whe4

s - Aim) 1. 371721164.Ai'I(0)

In the applications it has been convenient to define and tabulate the functions

( n) 7r)2,ex(- 3 / 2 J(ii)(

v(t() Vir exp(i4) I 2 K~n)(4) (15.51)

We observe that,

u 0 u
d 4n

(n) /2 '" 1/2 v(0 )(4) }

0
15-23
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15.3 TIlTE INT'EGRALS f ()

The functions fn( ) have the properties

f a exp(i 4tS)

s=1 ,, (

si 110(ts _Dco

=27ri 2 2 s i(S )  i f(O)()

f 2 (4) _i t'2

12 1 too exs/~~ 2 ~i (0)51
fC 2 27 00 2 +f 0)0

s ~ ~ \V' (t

s=i

co

f27 2+ 5 t - 1 3 s 2 - f() ) + f3s - s , (t .0

S-1 slt

600 1 expiit 0

7 ~ ~ ~ ~ 1~.+~- f~~) y f(2 )() (15. (2)

ffs) 2r _ i +- -i + _ f-2 (
_

)

+4 = 74 2 f(()) -f(2

15-24
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Also wve define fI)~ ~f~

f n

w xhere

If( ) f f 2) - f(C )(oo)x21) i tS

0s=1 W v(t)

exp AL e AV

I 27r Ai(p) d
U-icc

co

e xp (i t) (itI ir f Bi(t) + iAi(t)
-00

exp t)cpitepdt + dt
7T fr J i(t) -iAi(t) rJBi(t) +iAi(t)

0 0

We can show. that f( ) is ani enitire fiunction ot which cani be represented in the form

f( ~ Z () : 2  (jYn ' 6 n)n
n=o n--o

15-25
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where ) (0) can be e valua:ted Iwy summAing the divergent seriles

00 n

(n)N ) - af 0 exp 5 n 6 > Ai'-O )

s=1

I by means of the Euler summation scheme

oo O

f(s) f(s) + f f() A f(N) + y f(N) - g A f(N) 4-

s=1 s=1

where 7

Af(N) f(N -1 1) - f(N)

-A Arr - f(N) - ,nf(N + 1) - A nf(N)

We can also write

CO 5nco (i +-4 r + Cos' -1 t (n ) + S in 5~n + 47r+sinm ()n T 2 -1 2 2

I 5n + 4 5n K 4r
ii 2 J12~1I=c--m---;-- 7r-4sn'--- Ii(n) +t s n-6 -- 7r+ s-- I()

where the intct s

I~ n A iCQ

I,(n) = 2 dt

-Bi 2 (t) + Ai 2()

(3

can be evaluatec numerically,

f
15-26
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For large negative value.- of ..w. can show that f(PQ has an asymptotic expansion of

T the form

21 exp + ) _ 1 175 1 395 1 318175 1fp 0 2\4 9 16 12 1024 1l5

+ 641205 1 + t 2015 50385 1 23321 26775 1
128 18 2048 21 1024 .24

-i 1589 56578 25375 1 23917 93186 85125 1 [

262144 27 131072 30

We have also show that f() has an asymptotic expansion of the form

x n L 3n () A (n2) ( 2 Ax( t (n A- (n ) +A (n )2

wh er e

A (n+l1) A A( n ) - (2n + 1)

A A (  + 2n + 1 - 3m + 3) Am~in  m > 1 (15.54)

In Table 28 we give values of A(n)
m

For negative values of n (the integrals of f( ) ) we must add to the asympL~vUe

expansion the contour integral

tn

( 1 (it)n exp(i t) dt (15. 55)
=_ w1 (t)

where c is a contour which encircles the origin in a counterclockwise direction.

15-27
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Table 28

TABLE OF COEFFICIENTS A (") FOR ASYMPTOTIC EXPANSION OF
m

s)= (-i{)(2i )exp(-i 43/3)11 -A(+ A(") 2 + .. A

.n -2 -1 01

15 3 1 3
4 44 4

50 5 1
2 20

15345 945 175 15

3 64 1) 4 C4 (;4
192010 7870 395 45

4 64 64 R!,- l-,

47401185 1 8785 31 H-175 40095
5 1024 1024 1024 1024

6 RU:9191450 1 5970120 (41 305 675990
- 1024 - 1024 128 1024

36911355075 -105314175 201 550385 27115425
2048 2048 2048 2048

mn 2 3 5 5
15 35 (i3 99

I - '-4 -47 4

44

15 85
- -137

32 2

14175 4095 1695 1695
1024 1024 1024 1024

194850 51100 20340 10170
6 1024 1024 1(24 i024

6835725 1 769G25 601425 235305

2048 2048 2048 2048 I

15-28
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II if we observe that

+ 2 t2 , t 3 +..2 6

Wl(t) - ( 1 + _t3 + 1' t + . + w (0) 2t4  2.5.-+

1 (o) I +
3  4 tI w ~ ( f l ) + ( f l w ( 0 )3 1 [ w t + .|~ ~ ~ ~~~[ ,,ii)£-o)[ -)] )+.

J we find that

.... -WO) exp(- i ) - 2.816678828 exp(-i

f~) 2'T~i(0) 1 lo2)

2.816678828 exp _i) 2. 0533902

We have i.also shown that the oocfficients; - lnd 6 of Table 24 can be Id-d

evaluate n(4), Thus,

S=O

C 0°

Do 6 s(!5, 56)
Ds " sCont.

!' 15-29
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8S!

1C s  s 6s_

S S-1
D -

s 's- I

=0

2s -i-1s(s -)Ts-2-
D 2 ls~ I)!

=0

2s 6s .

c Is('-1)(s-2)y ,(5 46

S -O

- 1)(s - 26s_ (5 4-y' 12l -

= s ( s -2)s - " (5s - 1 4)(1s

(s 4 1 2s ) (s 2 Ts -4s 12 4) sIs C4  1 7,9 + 4 5 3

- . (15.56)
Colit.

15-30

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION



jIMSIJ-288087

f +S----)

5 s

C 5  1 s(s 1)(s 2)(s -3)(s -4) 6s_ - 2s(s - 1)(3s + 1) s_s 2 - 1 s-
+ I- (144 + 89s)6

5
y- 120 s(s - i)(s 2)(s 3)(s 4) s_5  - 1)(3s +1

1 (144 + 89s).qv1i! 120 1

(15. 56)

15.4 THE INTEGRALS g(5)

In
The functions gn(4) have the property that

21W__ (0) MO~

o exp~ietp) W.

9~ ~ ~~C 2 C) is -) g1

s=1 's "1 wQ

g1 (.) 2vr i 7 - )_ g&*+2 ) - )

2= 2 t 2(t ) 2 (t 0 3 2.t ) t°  w l (t°).
s-j 3

3 2 (4)( _ 3 ) ) 2 2g(- 2)( + i (-)1

C ont.
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o2 o3~__ xp(i4 to

.1 1 2 e_ ___)_

gt2(l. -3 , 4' 0 35 4 2(t

s(i s • s +

5 .(-") 5 (-5) 2 (A . 3 4 (-2

2 -) + + 2 '(G Ig( )

3 72 9 1 4 91 53
)3~r - . - ]- + + 24( 12i )

94 8 - (' 2 (O)3 :3(t04 24(t') 4  
±24(,o)5 

+ 12 (to)
s~ ( s )

15 2 i3 95 (xp(it)

oG o7 80t8) t0 0 to

35 (9)~ :35 4 15-), i52(-), .1 5~ 3~ 5 ( 4 (
8 ~.. V+ -793 T

,,(sg (4 - g k) +- - 8 4g ) 2 1 - V 3 1'V( - 5 )( ) -4-

2 2 (- 3 )(-) 3(-2)

- i /i_ q- 233 _1 3 25 2 1 5 + 277

1 12(t) 20(t') 4 (t) 12(t) 120 (t) 4 (t)

vN~~ 0

1 3 57 . 7 7, 2 C3 6'( p~~
3 

0
-

"! ] '; 00' I
s s s S s~ s Is

( (-0)( G113 (-9\) 7 Z7357 'i):?l ( t 1, iI g( 3)( )

1 2 0) 0 40 '- l 8 W'

,(l )t : -3- + l +- ) 3(15 )
120 4

(15. 57)

l-, gtencral we I1ive

+1 9 (155)
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j The functions g')(t)are defined by9

9 (t dng(0)I n

where

9 g() ( ) 2,1(~ i c______
sgl t w(t )

-- o0

xp fy ci t i p

2- i I f ~ Ai't d

=[. B-'()-l-Ai'(t) dt I BI,(L)+t1AI,(t)d

f t0 0

we an ho tht g~)Is n ntie)u(on of {hchc n ersne ntefr

4 L 15-33
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Note: Tle reader is cautioned not to confuse the a f3 n defined by g (n) (0) an + I n

with the Airy integral roots defined by Ai(- a 0 and Ai'(s = 0.

where g n)(0) can be evaluated by summing the divergent series

i _ n-i

(n) =x 'IP I-- AV(- s
ss

by means of the Euler summation scheme. We can also write

Reg =r jos5-- + cos ! (n) sin--T + sin--1- J2(n)

n n Ai 2 t)1 _
im(n) (0) sin ~ sin P-T 1J1 ) + 5no 7r- T #l2(I

where the integrals

) 2Bi Ai,(t)j d

2' t Bi'I(t ) 2 i

can be evaluated numerically.

II
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For large negative values of 4, we can show thaL g(4) has an asymptotic expansion

of the form

.1 i4(q 1 5005 1 ff1122121 1 24 33368 102exp(- 13 4 64 ? 64 12 1024 15 128 18

1610289919 1 3865984439 1 6763 07799 5425 14096 21 + 4096 -24- +  26;2144 27

A 51837 22434 616;81 1+
- 6(5536 30 "'

We have also shown that g has an asymptotic expansion of the form

n + n Z2
g )( - (-I 2 exp(- I L-) I. i 1 (15.59)

where

(+1) -A(n) + (2n)

A(II+)m =A ) A, (2n 3,m + 3) A in > 1. (15.60)m m n-

In Table 29 we give e ?oL of values for Adoo

For negative values of n (the integrals of g()we mst L ta o

expns4 on the contour Integral

i(n)(,) - I ktq~) (iw Q d

where c is a contour which encircles the origin in a countercluukwin directioti.
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Tuhll 29

TABLE OF COEFFICIENTS A(" ) FOR, ASYMPTOTIC EXPANSION OF

A(" )  A11)  A A

+n 3 -" 1 2 .3 ' 4 + ~ > 0
)_ 2(i2exp(i 3 3 6 9 1

2 3+4

() () ( exp(-i ii 3 1 9, - n < 0

In -10 -9 -8 -7

441 361 289 225
4 4 4 4

22501 3745 9489

2 814 4

33528789 19923925 11 260501 5987541
3 ... 4 -5(4 G4 4

20285G 2165 264105F:821 518281 309 14798049
4( 1- 04 4

5

--4; -, -4 -3

169 121 81 49
4 4 -- 4 4

21129 U-)5 6 665
2 1411 4 4 4

2951 061 131982) 518805 170 0
4- .,4 64

S !)055341 37083000 1 2006309 3186624

4 04 (-4 64

17993830281 4940593161 1098574281
4 -,1 1024 1024

5903251 2304'89 14047937(;464 26845733761
6 1024 1024 1021
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'able 29 (Concluded)

TABLE OF COEFFICIENTS A t"u FOR ASYMPTOTIC EXPANSION OF

,Q) .2(l cxp(- 1 3) 14 1 _ .. n 0

259 1 21+ 2(- 1 2)n expV* "/3 ) 2 1 n <

4~ 3 7.a -2 - 0 1

1 25 1 1 8
4- 4 4 4

2224 49 1

3'12581. (3741 4639 85
64 (4 64 64

4 G32709 791 .5005 784
(,,(54 634 C, 4

5 18082056.1) 18853005 1122121 1(1161.
1.024 1024 1 024 1024

3775V7318(O " 339969049 24333G58 2G35129
026 1 1024 128 1024

S2 3 1 5

125 ,19 81

9 84 329
4 4 4

21 21 21 2709
G- 64 (14 64

189 84 21
44 b44 06-

'25721 11529 346 5 2121
1024 1024 1024 1024

54003(6 147105 43344 19089
1024 1024 1024 1024
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if wre write

' () ) + + + J .

r=o

C? f / U J w(15.62)

we can show that

4 -i f3 0 n 0
1a a

21n - e xp G) - 3.34G10590 - i 1.9318490

2v + i f J- 2 i 0 , =iq e pi =-0 499 +i .]550
+ i -- 2 xp -,2. 6499581

1 w 1 (0) 2 2 [Y , ra\
.2 I 1l ( 07

5 +  i ,: u - 2 v :,,, 3o 4 3, :' 'T = .,. o,. . 5 .

- J _ -- _ -- ,- .. . . ..

+ 3(O) 4 ?2 8, 4

cyI +I f3 .1 ,, > w 0,399(o7 . , 1

1.4048572 i 0. 81109501 (15.63)

Cont.
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r 19

-8+-8 + w-(O) a, xpl ] - 0,181.7502 1 0. 3148004-8 8w 0 ) 3 2 0f p 3•

1 w (0)_4  2 w1 (0) _ +4

11§ k dT 127 1 17a3 1 7\ 127 .1 .

ff - -1- exp\ 2/ ep22

0. O 7604683 - i 1.,3171691

iiAlthough the function u() nust 'he added( to the. as~ymptotic expansion in order to

represent gn)) for large negative ,it wll generally be fomnd that when computing

.17 _______ ___,_ ____

Sn )  ten~ ofg ) te U -iU m involving $)vanish.

The coefficients (',y ? gien in Table 25 can be used to compute 'gn )  Thus,

90 
26 

8 s1 S. 
7

Is)=  + i B,
9 1 s

s= 0.(76041)8 s - 12

gB ' (s- - 1) i 2 (15.64(a)

h.s got
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g?) Z,2 + 1 2 S

S=O

A 2  - 3)(s - 1)1
s 2 s-4 2 S-1

B2 
- -3)(s 1 I o

s 2 Bs-4 2 s-1

So B3 s--0

AI "_1)(2s -5) s(s 1 (s 2) a 9 5 s3

S6 S-6 6 s- 3

B 3  3S- l)(2s - 5) -s 1)(s 2) + 9 - 5s
B s -s-{ 6 a s-3

. " ( 4 A\ tB4 s

g4 ( )  
_ 

4 A B' I -'

( 15 ss-7_+ is(s 2)(s- 13) 14s 2 7s+ 4-91

B=(s -) sIs -@y( -_ 13) + K 2 .78s+91%Bs = (- )----T24 ... ]fs-8 +  24 c~.-78 s-2

5 ,

120

.11. (277S 3 357)+ s(s 1( 3s 31)1 13 1--Lo(89s 233)l5 ,

(15.64)
Cont.
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j 15. 5 THE INTEGE ALS r M~

The functions r (~)have the property that

21i(-~2expit 0 
- 1N

r 0 2 s r E [\(t . 1

r 2'V7r[ 2pd ~i ~ ~ ti) w(~
s=1

230x0~t 0

(35- t- 1 3 10' 3 1 2 (0) I 1 )g

3 24 l4
iOCKHEED ~ ~ ~ ~ ~ ( AICRF COPOATO MISIE 2n4PC DVSO
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In general, we can show tht

i__ n-1id

rn( ) P 1('' d .- (15.66)

The functions p(n)( ) arc defined by

dn

where

_ xp(it)

A A(O() )

Si (t')]

- cxP~i) c~i~exp(V- A(v X(1

ex2 - j)

= f cxp)-,it ,t)- ) .

Vr .- 1A [A (t

_____ .3-iP Z -1)]~

(A) f)-(it A i(t) -i

1/7r h + i(t) + i Ai(t)

O

154 -'2
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We can show ttat A( ) can be represented for nil finite values of 4 except 0,

by a Laurent expansion of the formI+ PM

N wh~ere p( ) is an entire function of ,

fexp E i( t). Ait) _ - 1+ Ai(t) A

p( _T =2 - 3 ti(t) I t) A t + xp Bi(t) + i Ai(t) dt

We can express p(t) in the form of a Taylor series

i ~n=°ol=

where p (n)(0) is to be evaluated by summing the divergent series

(n) e S -
= (0) n + id (1  . 2

by means of the Euler-Maclaurin summation scheme

1,z.3 1 4. 13 +

f () f t(N) + f(s)ds -1 Af(N) ± S f(N) - A f(N) + 1-0

N 863 5 275 A6 33953 7
-N f (Nf f()(N)

6 f48o 86 2 [N) 38800

8183 A'f-N) 3250433 A9 f(N)+ 4671 A10f(N)
1036800 479001600 788480

1:695779093 Al" fi(N) +
2615348736000II
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The Olver relation

permits us to interpret the integral in the sense

xp (n -1 Cxp -l(5n -1) N"'

fI 2-%rif n+ I
Vt'ai(- 2

We can also write

c = )JCos 57 2 + COS 13 (n) 4 [sin 5+ 2 7r+ sin D-T]I4(n)

dn  sin 5n27 + sin 1171')+ C~os 5n + o 214(n )

where the Integrals

I (n) f AIt(-t)- d(t
Bi

2() + Ai 2

I4(nt = 1 A tn ,(t) Bi (t) d.

SBi(t) + Ai'(t)

can be evaluated nu meriv.ally.

15-44
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For large negativc values of , we can show tnat pl has an , "' ........

of the form

Af l 2 20 560 255-20 160Q1600
e xp- +y~ 3 - 9 1 2 1 5

1115 68000 + 22874 36800 138 63185 60000
18 + 21 24

-18276 69924 99200 + 276L,4468 11630 84800 +427 30 +"'

A(11)
We have also shown that p() has an asymptotic expansion of the form

2 n 3 A(n A n A (n) A (11)
A(), Ir ( \ '1E0  1 L+~I 2 + __ +

MT - 1 4/ 2 P\12 4I 3 ~6

(15.67)

where

A(n+l) l)- (8n + 2)1 (15.68)

A(n 1) A (n ) + (8n - 12r, + 14)A (n) I >1
ll m rn-i

In 'Table 30 we list values of A (n)

II

15-45
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Table 30

TABLE OF COEFFICIENTS A( a) FOR ASYMPTOTIC EXPANSION OFm

~2n+ 1/2 3 r A A 4 17() -)=( in 2 + exp i -4- 1 I _-3 _ _-i _ 1

x x x x x
"- - -2

,o -q -3 -2

0 1 1 1 1

1 -1.08 -70 -40 -18

2 -10220 -4820 -1880 -520

3 -1001 0 -367520 -101240 -20760

4 -105616560 31530720 -7274400 -1054480

5 -12116294400 -3033270240 -573874080 -64666080

6 -1512075598400 -324678747200 -51684425600 -4626751040

-I 0 1 2

0 1 1 1 1

1 -4 2 0 -10

2 -52 20 0 0

3 -1000 560 120 120

4 -i6480 25520 6480 3360

5 "11 (i80 1601600 427680 181440

6 158538880 111568000 18675200 -2708800

15-46

LOCKHEED AIRCRAFT CORPORA|ION MI.'Sil F m,-q1 S.PACF DfVISI)N
,I.



LMSI1 288087

Table 30 (Cone luded)

TABLE OF COEFFICIENTS A(1) FOR ASYMPTOTIC EXPANSION OFI In

A~n) 2ri+1n/2 A n  n An

2(1lx)- (- i)A I A 2 A4 _(n ( X exp 1 + t-, +  +6 - 9 +2.. '

0 1 1 1

1 -28 -54 -88

2 -G0 -452 -1640

120 0 -4520

4 1200 0 0

10 40 54240 54240

G (1 -10329280 -1 3071040 -144812RO

-15-47
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We can also show that

ro(-x) / 56exp0 1 I 25520 +

rl ~-X -------epi - + i-- + --- i 9 12 +"
X41- x 3-x 6 x 9 x 1

3/2fx3 Lo] 16 440 19920 +
2- 8--. \12 4/ x x -6  x 9  x 1 2

/2 3x

r x) t6/xpI - 19040 _lap.~i

x 1 10 16 12 2 +4(-x)  32 i exp x 3- 1 6 i-x- 9 x12

r - x) 18 + 8!0 10080X +x L.

7/ exp 7 28 60 1840 8560 (
6 1 9 12

We can also write

i(0

r = - +p(O)
2

2  + ) ) )+ ((15.70)

r 2 -2rf 6 33 pCont.
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i

(0L)i~ ~ ,J 2 t 4 (2 .1 12p G)+ O)

- + 4 2) .)
5 2 6 + p (2)

1 / .3 5(0 (2~
5 2N.-- 720 7 2 0 72+ 8. 18 1 0 9 0

I

We observe that the functions (.) are entire functions of .

rhe coefficients c d of Table 26 can be used to show that

1 0 rr(A): =;O,. +,.-,>) ,

( 0  -r d

r r-1

H + 1

I)r

Vi 21 r-2

r 2 r-

Uo 154

rl(G z: (r + i

2_, r 1'- -L - -d 2

'1'

L_.ll~u +2 _ -1)r -2 r (15 71
r 6 dr-3 3 - -- r

r 6 U-3 rcont.

: , 15-49)
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3 (e (G3 + 13) -

r=o

G3 r4 - r + I1r 2 -6r e + "
24 r-4 12 r-1

3 r -6r + lii 2-r + r(4r +3
r 24 r-4 12 r-1

r= 0
4  r5-104+353-502+2rrh r 2  d

4 r + +35r3 - 50r 2+24r r(r-1)(2r+ 1  r+2
r - 120 - - d - c + --

r 120 r-5- 12 r-2 5 r+1

5 ~ 1 12 Cr 12 r-r!'r

rCo

5 r6 - 15r 5 +84 - 225r3 + 274r2-1.2017 r~r - )(r - 2)(4r + 1.)r3

Gr 720 r-6 2 72

35 + r(58 + 23r)
90 r

5. r6 .1 5r1 + 8 5r 4 - 225 r + 27412 -1201" d~ r -72)4 +IC-

r- 720 ,.

.35 + r(5 23
90

(15.71)
Cont.
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I

- (r - )(r - 2)(," - 3)4 -)r - 6) + - -2)r-3-574 72 Or-4

|jl 7 r  _r -_ 1) r - 2 1-1,d r + .1
U, I Co 05 1 r-.-1--7 --- 2

r 5040 r-7 72 r-4

.41r+ 47r(r-.1) 7r(r-))r2)] C r+3a 4L -  15o , j ',-I 7 r+ 2

(15. 71)

15.6 THE ITETGRALS s ( )

The functions s (4) have the property that

-o = 2 V °xp ( i / t _ ( ) +-

= 2\/~iE(- ~ ~A(- 2x~)
0 () 0-2 t 0 [A 2(t) to

1 s=l s s s

2 2 "xp it
s . 2rr10 2 (to 9 to o 2

24a " t" '-) s [wl(ts)

si 3 8 1 A

-2 2 z ~o~ x~~ 8

3-- (t) 3 (to) 6t) (t (t: ,( °w.t°)'

2 (15. 72)
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cc

"V, (142 19 11 4 7 5 3s 3 2 T z~i _ (t)3 1 4 + --- 4 5--
' ) 2(t) 24(t') 3(t.) 12(t')

15 2 5 35 exp(it 0 )

8) o7t o X oI (oT
8(t8 ) 8(t) 8(t- + ( -

35 (4-48) 3 -7)5) 2 7-)(-)(/

1 2

00

2 j3 + 17 2 ,.- ob 5+ 24S4  25f(ti - 0 : (, 4 i---t I, 2(t-" .. 12( ( --
s=l4s () 1 2(s s20(t 8 ) 5(to

1(4 6 7 3 It_ 73 7 2 +3

4(t() o (t') 9

+ (1it 1 4 4>G)( 4

s 17

"( -- 5 - i { - 4  
2 )t' f ( = 5) (4 )

( 3 t) / ,L-t)

63~~~t -(1) + 63 (- (1)( )

(15.72)
Cont.
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21A(12) 21 ( l,- 105 ~2 j-(11

•749 $ (8(

+")

7 5 511 2 -7( 1 6 159 3 29 A(- 6)

.. ~ -+ ]

in general, we can show that

. -. - Sn s( ) (15.73)d , n + 1 n-1. +  I -2 -'"

The functions c(n),) are defined by

(In A(,)

ic

where

exp(it 
0 )

,. ( )~ -0 o(){ - _ 4ri t~.t 2

-- S 2

S=1

2 7exp P ) Ai' (p) '

~C-

15-53
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:r exp(i! t) N(i
ir f "VI,(t)

1 1 x ) Ai'(t) -

= i(t) + i Ai'(t)

2 ~~~J XP, + i (t) - iAi'(t)

+ 1_ exp t) a(t
0

, i Bi'(t) i i Ai'(t) dt

0

We can show that J( ) can be represented for all finite values of 4, except 0,

, a," r .xpan~ion of the form

+ q( )

where q(4) is an entire function of t,

2 tI - - i A!i't(It + i x t Bi'(t) + 1 i,()

- 0

We can express q( ) in the form of a Taylor series

E n 11--. . {
(1 0 ( (an  ibn)

12=0 nl=o

where (q1 (0) is to be evaluated by summing the divergent series

h epi(. - l ) 0B+X i(n
'"'(0) + a n ... 2Vfi 1IIsa±*( /[Ai(- 1)]2

15-5,1
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by means of ithe lEulcr-Mnclaurln stu1mtion scheme. The Olver relatlon

~d jas

ds 3[Ai( fs)]2

permits us to interpret the integral in the sense

isexp (Sn -I I )vp _n)

2V-- /s f 2 I -1-7 - n N+ 1
N fis~[A i ( - fs ]

We can also write

i f 5 ,os - 7, T+ e o, n , I s mnanCSq n + r + i l I .(n)

- I 5n + 2 i r5 + sin-T- J3(n) + os, - 2 Cos J(n)

J.. where the integrals

,,(n t ' t A i , (t ) A i '(. )  -i

IBl, IQ + Ai'(t)

1 0

W can be evaluated numerically.I!o
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For large negative values of 4, we can show that "( ) has an asymptotic expansion

of the form

,exp 1 -4 - + 2 28 896 4120 +2754752
( -- _ ep 411 + 3 '6 9 + 12 415

2190 97984 .2 08486 79936+ 230 98470 54592
'.18 21 24

+ 29209 4671769600 41 52479 68861 14304
+ 2 7 "0"

We have also shown that ()(4) has an asymptotic expansion of the form

2 n3 (n A (n A 1) n
A (n) A1  3 4

q ! -- y-i _) expi- + + ( 33 6 + +

(15.74)

where

A(" A An 4 (8n+ 2)

A(11+ ) A( ) +' (8n-. 10) A (n )  in1 (15.7,)
m n- m- " n15 8

IrIIn T,"le 31 wc u A

We caa then show that

IN,- 41 84 +;)I G6160 10762752 +
o 1/2 - 6 9 12 15I

(15. 76)
Cont.
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Table 31

TABLE OF COEFFICIENTS A (n) FOR ASYMPTOTIC EXPANSION OF

nn n nl

n +1- "" /2"AA A
q(") X)~ ) I - 12 3 1-2--+ + -- + . > 0

n. n 11 .n

2n 1/ 2 4/3 A Q A xA1n 2
2~ ~ 2nx"- 23 -6 9 x ... .

n -5 -4 -3 -2

0 1 1 1

1 112 74 44 22

2 10948 5348 2240 744

3 1104936 426160 137368 34328

4 119873040 38107776 9981216 2013872

14123851392 3814769952 842363424 143678304

6 1808633829184 '42449.6927(38 8iH67097088 12093296320

1.-1 0 1 2

0 1 1 1 .'14 I.. .
1 8 2 4 14 ,'

2 172 28 8 0

3 6056 896 280 168

4 297472 43120 12656 5376i

5 18818240 2754752 771232 290304

6 1461101824 219097984 59322368 20760768 I
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Table 31 (Concluded)

TABLE OF COEFFICIENTS A (") F OR ASYMPTOTIC EXPANSION OF

A(-x)=-(-1) 'n 1/2expi( ' - 4 ) l- 3- A+i 3 -1-.. n >0

2n+I+1/2 3 A A 3 +  A5x)-) 22 i/ exp ] - -- -i ... n > 0

.n3 4 5

0 1 1 1

1 32 58 92

2 84 5232 1808

1 168 336 566

4 2352 672 0

5 129024 77280 67872

6 85680Q0 41X1 84 2171(04

1...) 2 4 1 . 10 264 11000 622160 4- 4 ,3 2. . ...
S- - - -9 15

3

sg(-×. .= -_,,2 '1 1..8a G 0 0 7] 8976 .4895564o' . .
25 9x 5x12

(15.76)

C ont.
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I Icxpl fij 1 28 11x +16587 ++ .
2 8 1160 + 98976 2202316

X)~ ~ L . ++F____7/ x)- 25x 93 x512- -X x x 2x

32 expi~~~ j__ I__
s4-x - 92 1 40 2024 + 3 34228224 9740288 + +

x 92x .9 x 6 125x 9  x 12

64exp 54 3284 + 29376512 + +
s (-x) + 1 i 3 69 1

x x x 125x 9  25x 12

I ~ ~~~128 cexp i2 ,I 04
11-X -- . (15. 76)

)We can 132 -writeC

:9 0o(0 - -q- ) + q ( )

) n2 6

-4= + q- _ q(2.}

Ii
4 35 (-8) 19 q(-7)(1) I 1 (-)(

s3( }=~ ~ n (+ 7,- q (()t - - -

"~- -, 7)(4 1 ) ,4() i (-3,()

I LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION

Ii



4(t)) m (-
\4 - -.1340 -4400 , - ,

+ 7 " )(-q(Z 4 i ) -:t

742 1-5+3 (-4) 1 (-3)

1+377 19 +q(-3( (A

! T, 44440 4938400O 0 361

105- 2(-10)7)3 77\ (-9) 1 4 (-

-724oV +'-() i q V .(A)....,749 .)q )

± (2~fl .~§u -11 7~() (L 159A 3  9) )

) t(A)+ 2 (-4)..

.L3 cqlI ) (15.77)

We observe that the fl.ntions s) are entire functions of A. However, the functions

(-')(A), where r > 0, which arc employed in this representation have not yet been die-

fined since () is defined only for n > 0,

n ().

05-0
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(nl
Tie functions q, '(4) for n < 0 are defincd by

1A[109 7129 49 0
_ 2T; 3 914457600 9-!

-9) _ 1 228 It_8) + A(t) + q& 9 )(4)
q V (40320 1n148I8 228

77- 9)(5040 lnt!4 4233600 ) A() + q(-)()

7) 6 294 + A 6' (4)

2 120 14400 5!(4) V8I~ t A(4 +-q

2 4 4!. ( )(4 ,

1. [j7 T 3 l" {32 : ) A )2(1 t-- + A(4 +q t._ 7 , :36i

5 (0)(4) i (4 I- + 4() A ( ) 1q5 .78

2 n it + A() + ±

I

15-61
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The [unction A{4) is (lefined by

0 4>0
A(<) F (15.79)

The function A() serves !o define the appropriate branch of the multivalued

funct!on I n which we have written in the form

ln =/ ln ) > 0

( + i, - < 0

or

1 21 i

The constants

r )
q -  (0) ' 1- i ...,2. . 2, 3 , 4 , 5, .

-r' -p

are defined by the convergent series

~ () rexit i( (15.80)

(I E' 80" , I s  Ai(- S)]2

The ease r= 1 requires special atlention. In this case we find hat

q( (0) = a + ib t] ,- 7"( d- \ + iL f a 2,[, ki(- 2s )7r

(1,5.81)

15-62
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J

1-cre 0. 57721 566~49 (lenoteb 1'iler's constant, Trho opcratlon

\s-- 1 /

is to be Interpreted in the sense of the Euler -Maclaurin surnm-ation formula, i.e. ,

-~~~ Ifsfs _fL)~ L\()# 2 f (1) +

It is Important to observe when constructing s n(O from that the

potLions involving the miultivaluod [unction In vanish.

The functions

deindI exp (V t) w (t)dt. -2Vr 0-i 2~ 0 (15.82).

are dfndby a contour T' cunning frdo-n' I" toaI pptt 1no3. inore

ito obtqin the ~ipy otoi xpinsion for A- the cnorms tuIt nihyi h

secotor 7r > arg t > and return to infility,,ilong the ray, arg t Tr 1'hrefore,

the function defined by the' asymptotic e&f'6I oZrion for the c as e r 1 represents the.
sum of and th)Ie residue contribatido

f ' exp (i~t ~ dt *. . (583
q Jr r~ w'(t)

where c is a contour which encirclcs the origin in a coup-tercloe!kA e direction, LiF

we let*H
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we can show that

a n b

a1 +fli 1 vr expi 7r)

a2 +i 2=)

a_4 + ib_ 0~4

+ i [ i(0)2

a 5 ~7 4 bk w1(0).2

".w(0 )]

8 15 2

7 71i I 7 wlOA

97 + 100 2
4 1

[W, (0)]

15-6
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We cMn LISe the coefficients a 11ii o Tdabc 27 to express s()nhfc

0 0 r

r=o

0
E 11 (1-r) r-

0

r r-2

r r' r!

r-o

2 2 1

2 r.9 2 11 5 r 2
F L r--_l2 + 2 r 6 ± r 3

r 17

r

(r(4 4)4 7

3 4 2 3 43 2 22 31, b
E r 24' 31 1 r + 1

33 2J 22 124(4
r -38 12 r-5 (15.L t:

r 1-~-43
+~~ 2  3r + ojb8

15-65
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4 r r

r=o

S -4
r + 5r 4  23 r3 + 9-r 2 --4--3r + a 1 0

r 120 24 12 12 40 8r1

1 3 23 2 131 3 r-3Sr -r + r T- b 7 +
- 5 ar-4

F 4  5 5 4 23 3 95 2 503 r +
r + r r +

r 1120 -r T 12h 40 8r-10

51 14 29 3 1213 9 2 1627 2

0? 1 r r0 +r +E = 20' + 3 r -o-- 4 6720 60 ar-12
4  77 3 637 2 677 7]3+I- 8 - r 9 r + q -r -5 r -9 1 9 r0 + - - a

90'3 9 0 29 r

5 j r 101 4 21) 3 12139 2 62" 23L L r
Fy 7- 72 12 " 10 1

S_ "71r ..,637 2 .,,;77 +(] [ 23r2 173 29].. .. T 'r- 0"  --. r-6

1-.,O ".....6 1. 7 7 b 1_9 5 27 4 8197 3 25333 2 88069
r. 0t -04 7902 r " 120 +j]q4l 72 0 720 1680 ,

1. 61a+429 f . , 2 4 Li23 3 7783 r2 7,__ 143_1 62 a r 1 4 7 2 r  r + - - r - 3 6 0- + - * ,- -r - 11D r l
2 3 131 2 087 3

' -- 03-r + -- r,_3 r- + r+ ..

, 1. 7 7. 139 5 2874 81973 253332 88009-r + - 720 r + -r -72--9-r + r - 68

5 040 720 r4 r2 720 18

929 1 5 21,23 3 7781 2 + 1 7 1 97 1r 1431-.- - 3 - r 3 r 4, a __1h -14 [2 72 120 300 300 -- _--

S 131 24-7 5

6, 20... 1~ 2. 5r -5 (lb. b)

15 + r '6
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Section 16

A HISTORY OF FOCK'S INTEGRAL V (z, q) WITH PARTICULAR

REFERENCE TO THE ROLE OF TIE NOTATION FOR AIYS INTErAL

The integral

V. (Z -) f exp z ., , dt (16.1)
I VW Vt _j , qw (t)

was introduced by Fock (Ref. 12) in 1945 in a stuay of the field produced byrd vertical

electric dipole located on the surface of a sphere having a radius which is very large

compared with the wavelength. Fock showed that for the primary field derived fr,,),,

the potential function

Sexp( k R- /2 a+ r 2a r cosO,
0 R

the resulting total field is asymptotically equal to

AP
S R

I

Fig, 18 Dipole on a Spherical Surface

16-1
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I~ exj(i I e0) 1.

U(r, 0) - x(i 'jV, (z, q)

where1/

I y (2~ra

'ka- /0

()1/3 2

IThe function w1 (t) is defined by the integral

I fvQ . exPtz-r 3 )

Fock showed that for,, z > 0 lic could compute. , C)2ra h relsid ue series,

represepihin

a 'it

I where
wJ.(ts) -qwl(ts) 0

Forv z > 0, Fock showed that
PA j)

-
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For z < 0, and q-- 0, he noted that

i For small values of z, Fock showed that one could write
- c

V (z,q) ' I (q) zn (16.5)
n=o0

where

I ( 5-r' '  (2) x . 2)(q) a (q) exp ( - i + a)(q) e i -x

n6 n a 2 )

and

(1) n 1) f w- n

wl~~~~~~t ) ~~ w ut+ivt, w2t -u(t) e-x iv)

a ci dt d

!1
n '(11+ri w () ( ()(6 6

loweve r, no values of an (q) have been published by the Soviets.

In this early work Fock gave a table only for the case of q = 0. The function

-c

was computed for z - 4. 5 (0.1) 4. 5 with an accuracy of three decimals.

16-3

LOCKHEED AIRCRAFT CORPORATION MISSILES ond SPACE DIVISION



Fock also showed how V t(z, q) could be used to describe the field induced by an inci-

dent plane wave on and near the sur'face of a convex body of finite conduactivity. In

particular, he showed that the tangential magnetic field on the surface. of an obstacle

with radius of curvature a at the shadow boundary is gfiven by: the relations

.3
H H 0 exp(ikx) exp(i -) V( .q)

.1/3 1 /3

Fig. 1 9 Phirne Wave Incident on a Convex Surface,

where

and ~2 2

exp ~exr L ) _

___ Lexi Lt, d t (1.9)
3 w (t)
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The asymptotic behavior of V ( ,q) fori~- was obtained by the mnethod of

stat' i iry phase. This result is identical with the results derived from geometrical

ptc.Thie residue series was first introduced by Nicholson and Poincare in.

1910 and placed on a sound manthematical basis by Watson in 1918. The residue

series converges only for points in the shadow, i.e. , > 0. In the vicinity of the

4 shadow boundary neither geometrical optics (stationary phase) nor the diffraction

formnula (residue series) provides a neans of determining the field. Fock's proposal

4to numerically evaluate the integral representation for V 1 ( ,q) for small values of t,
nrovicded the fiust antisF(.ctory tre.tnent of the penumbra region (for the case in which
one antenna is on the ground i~nd the other is at a very great height), For this out-

standing xork Fock received the Stalin prize.

The work of Feel< was highily publicizedI by the Soviets. The first four pnpers were

pub~lishedl (in English) in the Journal of Physics in 1945-46. A aurvey paper enititled

''New Methods in Diffraction T1heory'' appearedl in the P-hilosophieAi Magazine in 1948.

However, it was lmo11St ten years after the publication of Fouk's first papers on this

USubject before other scientists made direct use of Pock'sq table of g4)

Fockis wvork'has often been criticized by people who have read only the classic. paper

in which it is shown that for a pcric . condcuw

Thu criticlimi is generally made that since only one ,,'vz. ;1 functfirnn i-- ini-r-iimer]

Pthat1 this is a scalar theory. These persons take the formula to mean that H tan
deoe n opnn fte antcfedwihi anett h ufc.I i
second paper, appearing 269 pages later ir the same volume of Journal -fPhysies

Fock writes the formulas in the form-i

H y ~H Yexp (ikX + i -V 1 (4,qI

TI (H2)1/3H )l Ho exp (i kx) F (4)(6

16-5
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and thereby explicitly shows the dependence on polarization. For a perfect conductor,

q= 0, and V (4,0) g(4) so that

= H° exp(ikx + i g( )y Y i3

/ 1/33
H1 =H 0  / exp kx + i D-)f( ) (16.12)

where

, 9 J Xpi it f1 fexp(i t)dt777) W, - (t) .... f()= 7 wl(t )

For positive values of these functions can be computed by means of the residue

series representations

c- __xP ( i t )
g( )= 2*v*i . t~w(to wS t)

8S I Wtt)0

f()= 21Jii -, wl(t)= 0
s~ jts G!. 13)

where

S1,01879 ep t 2. 33811expi)

3. 24820 exp t0 4.08795 exp i TO

t 6. 16331 t3 6. 78671 exp(i 7

16-6

LOCKHEED AIRCRAFT CORPORAIION MISSILES and SPACE DIVISION



1LMSD- 288087

xI

Oote-. The notntlon t.,tdoos not agree with the notation of 'Pock. Fock wrote

so that

8 S

tT I 4to

Fock Ti'Is paper (I (i 14)

We havedeiberaotely chne Fc notation in order to let the limiting cases of

t Iq(M) t, 0) L(16.15)

It apparently Is not known generally that the importance of the iversal functions

f(-') and g(4) had been recognized by two scientistq at the Bell Tclephoie Laboratories

prior to the publication of Fock's papers. In 1941, Burrows and Gray (ief. 37) expressid

the field ot a vertical electric dipole located above ,. sphpr(c r b. 0 0. in the form

- -ITS -_-sl) f f (112 ) 11.6E(r, 0) =2E (27 a) 6 + f2f' T16.1s
0=

wiher e

22 Xr-a

16-7
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and denotes the roots of

H(2) 11 (- 2Ts) /  F--2"" J-1/3(zs ) + Jt/3(Zs )

1 /3 3 s

Sm

1 3a/2
vs  2', exp(- ir) (16.17)

The height-gain functions are dufined by

-'r (2) 1 _ _ r 3/
f 11 . s 11 1/313 (2x -2,,S

S 2 ' s i H I (2) 2 ./
x]~~ ~~ /-- 32 1 '-:1)- I

1. (12. 18)

The quantity E CO) for ivertical chetric tilh woul ho

E LID.+i rbco)o R

since f(0) - 1, if' %v! Lake b (80o1Nrw on the sulu'fe) and consider the

diffraction -lrego", We U1.1, to a high degree of' approximation, write

E~,) exp(-i I k a0' . o S2 (1r.19)
s

For great heights, Burrows and Gray observed that

1 exp(i 2x2 7'

Sf22- 4T - -i/ 'P') + J/ (vs)

16-8
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i

1 and wrote

a 0

Then they wrote for the case h, 0 x2 >>1,

4 51x0 )1 + j,7 irexpE(r,4) (E 2 5o exp[ i1(2x)3/2 7 r-2  ex - i- (2 , -7 2T- (6 + qr .T J -1.,. 1+ .T ,J ;,.2L~ 3 s'LV-1/3' s 13-'
s=O

Burrows and Gray then presented a set of curves which showed the behavior of these

series when i « 1 i when c6 > 1.
2/on

exp(-__ _L ex(L

F4 ---- 0~ 3/ L.k-

( .2 J , L (x o+ e ( O)

0/ 2x -3/L 2J 3 V0 09 O

(16s 22)for L 0. If we translate these results into Fok s notation we find that

'1 L

0 010/o6TOL

F0 1 /3(~)lt (7/201 (16 2-3)0

16-9
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The difference In notation hann ;o thoroughly concealed the relationship between these

results that we now find Fock receiving credit (including the lueraLive Stalin prize) for

recognizing thie value of introducing a class ot universal lunctions wnicn had aiready

been introduced by Burrows and Gray. It is true, of course, that Fock recognized

the possibility of using these functlion for both positive and negative values of ,

while Burrows and Gray computed them only for positive values of . However, in
FooL's early work hn computed only g ( ), whereas Burrows and Gray considered

both f () and g(4).

The translation of notation is most easily carried through by starting fro Fock's

formulas. Since Burrows and Gray uzne cxp(i wot) time cependence and Fock uses

exp(- I wt) time dependence, we must consider the (omplex conjugates of f( ) and

g(a). The propertius

1, /2

2 ) -2 r o J / t 3/2( To /2

I 2 c 2 / 3 3  s I -2/3 ( i;. 24)

are used in the relations

- ,' s (

(tt

fQ W (,Xi)( V Qt (it =2'fr i s x(-it

7r Wv(t M= '16'I)(. 25)

Ilfi-lO
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4
J 0

xxp(- i'

03 exx(- 
/ ( 3/ )

, s = I Fs, 23 t /
(_6,.26)

By observing that

1/3 1

and

<<~ exQ r) ,

the translation is readily carried out.

The Burrows and Gray function F L is referrd tomn a footnote (page 129) of
" w Puopa~aton of Short 11,dio Waves where It appears in the form

2/ 1/( exp i ( - V2 )
m=l h2't m)

where h(t) Is the modified ilankel function of order 1/3,

1/3 l1/2 (2)J3(3/2)

h2( = ( ) !  11 ( (16 .28)

16-11
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and

21 (Z) exp( I Z, 7T 11 0/2)z I2° (- -3) 2/3(3

The first few of the roots v defined by

(2 3/2\ =

are

2.33811 - /x , 2

.- 08795 (xp

r3 55205(; expi 27)

6. (78671 exp)

.This notation is e'sily related to Fock's function f(4) since

W 2 ( t II Q X [ ) t 
T 1 / 2 1 2 f

tj & 12 i2-  
--. ;nxrj-i ex )h 2 (t

) 2 .12 ,

WJ t t p3 s "2/3l :3 ) /  - ./6, 3p 2\ , )[] ., x(, ) ( \ts (16. 291

and hence

exp(- cxo(i 4s
Y(2V5 itt) 2_ 1-2 l~xpji) 'V

s=2 -,

(16, 30)

where -t

16-1.2
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Nuamoren] ri'plks for f(tL) for <0 were first obtained by Pekeris (Ref. 20) at

Columbia Universitv. He showed that the field in the vicinity of the horizon, when

tne transm-nuer 8 on1 11nc gLrJurhi mu uotlk. Lucciua;. 10 CI'Y -LIA~ Lu~ .

I the ground, is given by

L'Xpj4(twt (r/3) kr- (2z ,': I3)1/3
1/2 1)1./2 0() IGI

whecre0

G~p)~ ~2/3) /I /22+ (i/2)hpx 2 / 3  i

x 2 *t/3 (X) A- cxp( ~7i/ 3 ] :3 x 2 /i31 3 (X) + cxpQirI/x
0

(16.32)

We wxill noxv showx tht

The transiation can he i-o.st easiljy madle by writing Foek's ( )in the form

71) p e i

21

an thc'n obse-,rving that

Ti (2f 3/2\ t/

Iw(t) ___ ex e xp =j)I1/ 3 ('t/)

2 3/2, cx ~ 1 (3)1/3 1/3 dt( 6 4

16-13
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and hence

2/3 dx

3( exp 2/ dx
f . /(x) + exp

+ r _ / (x) + exp ( x 27)7 /

Therefore, Fock's form which was suitable for numerical integration was almost.

simultaneously obtained by Pekeris (who, in addition to aot having received the

monetary reward of a Stalin prize, has recived no credit for his contribution to this

fie ld).

in Table 32 we give Pekcris' table for G(p), We hivw also con..-.. 'It to f( ) by

using Eq. (16. 35).

Tab Ie 3,

CONVERSION OF G(p) TO f( )

I " I C Rf If'I t _____.~-____

-2,0 -1.53 8.38 -1.63 2.94 -1.01

•-1.5 -1.14 5,96 2.89 1.35 -2.00

--1.0 -0.76 3.62 3.24 0.55 -1.68

-0,5 -0.38 2.49 2.22 0.38 -1.16

0 0 1.84 1.16 0.39 -0.67

0.5 0.38 1.24 0.23 0.35 -0.30

1.0 0.76 0.67 0.16 0.24 -0.07

1.5 1.14 0O. -3, 0,13 0.02

2.0 1.53 007 0.13 0.05 0.04

16-14
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U fl 19149 the Soviets t(Ref. 14) had comlplet-ed an evalutatiol of V1 (7, q) flor 7 > 0 a nd
for certain values of q of Interest in the transmils sion of radio waves over the sur-

I 0.00(0.01)0.03 where

q (16.36)

ln(n) =-0 9(O 2)2-9

It is of interest to note that these calulations were based oil using no more than two

4termis in the Watson residuie serie s. The transition region- (for the treatment of which

Foek received the Staiin pri7se) is not inclided in these t'lbles.

The integrals f(~ and 'g'() were rodefinod in 1954 by Rice (Ie. 34). The functions

t ppoar in three forms, nam-ely

1 3 -2/3 .1/3.
h"~ T + i I~ ~ i IY x(iy duo "W 3/ IfJ A!(ui) - i lii(u) Ai(u) + i 13(u) j

cc ext 27r

explL3 f1/3

-ep~ ex'~ /a-
2 7r I At'a

16p-15y"
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V( 3J1 ex/3 .4a)d

21r i fx~l/ c Ai()

1xp -

- _ 1/3 1/3

I.a' Ai(a')

s=1

(16. 38)

The relationship Between Rice's functions and Foek's functions Is easily obtained since

We observe that

ts s i k i. s /

The costants a Ai'( ), A', Ai(a' ) can ', found in Miller's table of

.The Airy Integral

Fock s integral V1 (z,() was written in the form

g (X) W j -- -I - (t) = VI(X,C) (1G.39)

in a.1958 paper by Wait (ef. 13). Fock would have written this in the form

- 1 r ex f(- I zt) d.

,7z2 i wY(t) -tw 2 (t) (16.40)
F2

16-16
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isince

6 VVl() w2L1 (16.41)

Walt Fock

Walt gave a table of V (z,q) for z =-3.0(0.5)3.0 and the values of a and n

(or rather, A = 6/1/2 n, shown in Table 33. We remark that

-n5/6 1/7 +CW 12

q _ - = 21 A 6 1/ (16.42)

(1 
1/2

I2 J
Table 33

VALUES OF a ANI) A s'rUDIED BY WAIT

A 0 0'.1 0.2 0.3 0.5 0.7 . 1.5 2 3 5 7 10

IIoo I.ui L _ Ii
0.0

For z 1.0(0.5)3.0 those tables overlap Beldkna's 1949 tables.

It is Interesting to note that Wait has fnllowed Fock's suggestion and has numerically

integrated through the transition region. j'he sviets have not published anyresults

comparable with those of Wait in the region -3.0 < z < 1. 0

Iteanbe expected, as a result of the work of Franz (Ref. 23) in Germany and Keller (Ref. 22)

at New York University, that an even different form of Fock's integrals fi({ and g(})

4 16-1.7
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will! be introdiuce. Let us now show how thin can come to pass.

In the work of Franz and Galle in 1955 we find a result of the torm

* ep(- ) /A.j~A + iiip
n 0 1/3 Y__ ep£x

(ka)l1 - exp(i 21T i

(16.43)

where

S " 6~1/3+ 1 )

7r6 f 2/3 A'(Ti) + kal /

ka + kp) x(L ) + ([kall3

Therefore, if ka >> 1, we tnke

I(a, )0 k J ) 14 k c)- exp

(16.44)

where : arc the roots of A(1 ) 0 and

q= 3.372134

q= 5.895843

q 3  7.962025

q 9.788127

We can show that

31/3

10-18
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AM where a are the roots of

AI(a ) =0

1/Iiifact, S.inceO

Ai(t) 3 /r A3 - t)

Iwe have

Ai'(t) 32/3
A i(t) -- -- A'(- 3 t)

U n nd hiieo

Al /,,o - 9 Tq 'A

Therefore, we have

pj- 1/3

U-

•x -n .i b,, ,, 7 -x ... ....., -
' 1 /3s'

1/3 cxp(i t0 )

1/3

- (j) xp[ i a( -, f( ) (1 4 .)
I.

where

A=1 V(a 1 Aia

is Fock's function.

L16-19
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Franz also has a result of the form

u(a, D) - L- V / i \Z__ (16.46)
1 exp(27r i v

where

D 
7

I q A(q ) +

= +a ( i exp () q + o([ka"

If ka >> 1, we take

\ n I. - , ka I/h 1 1'

u(a,) a A(q x i - , 3 xP

(i6. 47/)

We can show that this is equivalent to

u~aq~) exp ika- -*D gm~

1/3

whorn g() is Fock's integral. The reader will find it interesting to study Sect-on 5

of a recent paper by Kiante (Ref. 23), where the constants (0), g(0) appear in FrauzTs

notation.

Since Keller and Levy have used Franz's notation the above cornments on the role of

Fock's int, gral are equally applicable to their work.

1(- 20
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i The approxtmationq

8 nka I 2/J

U(a, 0) expika jg(4) (16.49)

are valid for large values of ka for € greater than about 75'. For 0 tending to

zero we use Fock's 1946 results to write

3

1/33
T- (a, (b) k (1-- exp(-Jlka cos ch) exp(i 3 f(41l)

it (a ) oxp(- i ka cos 0) exp i T g( 1 (16.50)

where

--os 6 ]Q)i sin -

These results are urieful in the lighted region 0 d) < and can be used up to 95°'2
or 100*. Fraii has shown that

N (a, 0) ka 2k cos exp(-flla cos cos% ., :9ka cos30

u(a,0) a 2exp(- ika cos I 1 " +
2ka cos3€ (16.51)

16-21
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Also, wxe knowx that

3

fg(4~- 2 ixI e - 1 +)

Sincee

1 --i3 34 2 ka cos

we observe that the choice of definition of is precisely what is required to ma1ke

these asymptotic expansions agree in their first two terms.

The qhove, suinrnary of istanices in which the rock intfegrils have heen natturally intfro-

duced as importaint univer sal functions clearly estehblis les that these ftuiction a deserve

to tAke their place in mathematical physics alongside such special functions as the

Fresnel integrals. The above study also indicate,- the need for a more uiniform notation

not only for the Fock integral but, (and even miore important) also for the Airy integral,

1(;-22
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Section 17

VERIVATION OF V (~, q) AND V,(k cl) AS SOLUTIONS

OF INTEGRAL EQUATIONS

The integrals

exp(-f W 7 1 (t)

0 2 7r _ (t) (t)

v 2 e exptt) 1
II

exp~i ) (11(17.2)

A 1 C 1
V1 ~~I (X, (1) exp ep(/i)

(I cpipt (1 __ 12, 172

V ~q xP-~/)exp(.~ 311 ci
V,~~ ~ (kJq epf V,(x l) cx p i +( -X) I( -x)-2ql ~

(17.4)

17-1
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We begin by (ht fining g( (1) and h(, )by means of

cxp(-- w

) . q) IL V( q) (17.5)

The rcsultln integral equations

Wg(x) P 2xp(-i f ! 2 . q)) ex p 112 -X) dx

(17.G)

e - exp(..i4) x dx
J vr 7T'XI-1 1 (h(f, q) = ____.___ 2 - T - j~-- • ,

0

can I)c solved lby assuming that g( , q) and h(, q) can I)e expressed in the forms of

Fourier integrals

oo

g ( ,q) f exp(i () I, q1 (it _ < - < (3.7.7)

rf. Cxp(i~t) ll(t,q)dt > 0

(4, I) (1'.8)

W! il8o n((] to d(fine! the function

x >

( x, (1) p i X)  (17.9)

J expi(A -z)t] K(t, q) dt (17.10)

17-2
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We can then express the Integral equations in the formls

gq) /12 4) 1 e - 7) f ~,)kx, q)dx
-00

F4 We can now use the convolution theorem to write

J g(x,qc) k( x, q) cx =27r CXP it) O(t, q) K(t, q) dt (1.2
-00

In g( ~~-( h ex q) v(r -x( x, vxp~dt Gl 2i) K t-) I

Jxit H!Xt, ci). L)~q cit (17 12)<

q) v xJ( 7r xo( 1 j)/ cpit (1(it) K1(t,) Kr-j)dft

-- 00

A(1 00ep xj )( (1) 2ext K~a

000x 
3 7

B=r / exp(i- t) H T, ) 12. > ) 0 [7 1

1r 00 1714

17-3
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we 0nn unc 'li Fourier inversion theorem to obtain

G(T C0 A(T - -V eX-i -G(T, l) K(r, q)

f(rq) B(T) - Vr'exp(-V) H (Tq) (,q(1.5

or

G(-, q) - A_ r_
1+ C-r exp(-i )K(Tq)

H(T, q) - _ (T)

V+ v1 exp(- i 4)K(,q) (17. 16)

We must now ev:':'-ate A(T), B(T), and K(T,(t). WC note that

A,:(T) - .,f 'iX,,- (!-, + S- <,, ( " ± + :')d 2Ai (

0

where Ai (T) is the Airy integral.

The integrals

(4/ 1- 1
Il (T) " ex p( i T -- i - ( IP,

I (o

can be expressed in the form

i 7r)

B(T) ) 12 7r /2

KI) () I (r)
2r)- (T) (17. 18)

17-4
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oc

0

I igWe can show (by integration by parts) that I1 (,r) and 12 (T) are solutions of the

4 . differential equations

Ii'1(r) - 4Tr I'( T) - 2 1I (T) 0

12,) - 4Tr I I(T) - 6 12(r ) =0
2 2T-Tjl)G 2

'Solutions of these equations are of the form

2i-)+CB 2(T
I (T) = C Al (T) + C2 Ai(r) fi~r) + A3 (()

2"2X. . .. .2 ... . . . . . 2C ' - Pi(r) R 1'r)

where C 1  C 2 , and C3 "re conlstants. We can show that

C I = 2r 3/2Pixp ), C2  .7r exp . 0

Therefor

11(T) 2r i r) Ai(T)113i(,) + iAl(r)l

S 2() 3 exp (i 42A i ( T) B i ' ('r) l A i (T I (17. 20)

14
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f('r) - - 11 (-) exp i A) ir) Bi(') + iAi(r)

K(r,q) = I2(T) I (-T) V exp(l 2Ai'r[i'@ + iAi(r)] -

-Vr exp( 1')q At(T)[13(T) + i Ai(T)]

and

1 + Vr exp(- i )K(r , qc) 27r Ai(r)I Bi'(T) + i.'-(T)] - q[Bi(r) + I Ai ( .j
01 7. 21

Therefore, . find that

G(T,q) -- ALL

* x p(i Kr , q ) . . ... j + A i(T

(17.22)

S( , q ) - i A i r )

I + e~(XI)( (i , )1.) 2 711 [J3i'(T) + i Ai'(Tij q qj~i (T) + 1iAi (r)

since

V l ( ,q) g( q) = exp(it) (t,q) (it
-o

o

V (1',q) - 7r cx i j h,q) x - xpVv C ) x exp(itt) H(t, q)dt

I

17-6
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it follows thot

V( f cxp(tt) 1 dt
-4 -. 031'(t) + 1AP(t)] - qBi(t) + IAi(t)j

e xp TAJIJA(- 4nBilt) i AI/t-\

2 [) Bi'(t) ± lAi'(t)j - q [1i(t) + iAi(t)]

' This is the result we set out to prove.

The proof of the relation

used above contains some In'teresting analysis. Therefore, we take this opportunity

4 to set forth the details of this dem'onstration.

The integral

U 1() ~exp( iT - i 3 2
0

is a solution of the differential equation

11" (T) 4 T 1I'(T) 2 -- 7 0

'4 LOCKHEED AIRCRAFT -CORPORATION MISSILES anrd SPACE DIVISION
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This can be proven readily by observing that

00

-4 ~ x(. \~' 12 4 ) - ~
0

oo

4 f2J9-exP(-xT-1y O T

10

IL h i t ruuutl tLu i to theL 't able TPh, A-hy ln,*t e al , Mvill r ha o rnhown that the com plete

solution of 

i

z'"(x) - 4x z'(x) - 2z(x) =0

is

z ( x ) = 4 ( + C 2  A i ( x ) B( x ) + C 3 
2 T -

Therefore, we xress Il (1~i: in the f''m

12 2.0 j ep1

I() = C1  Ai()+C 0 Ai() Bi(r)+C i()

1 , T

We oserve that since

-(x) "r A i( ) - 2" (r) = r B t(T )

z~ ~ 1 (3 ) -, ,A 12 N + " '2 a i '(0 B ) +' C B i '2( ) ,=y

Ai(2) 
TBi( ) -i( 

+ Bi ( T)

17-8
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we can show that

-~ ~ 3 t "q.,, 4a2 1 z. ~ ~ ~ ~ ~ ~ ~ r +- 17 c~ +Jnr/~r nl2  r, ±'~c

i{() =201 Ai{o) Ai'(o) + 02 i(o) Bt'(o) + AI'(0) Bi(0)] + 2C3 BI(O) Br(o)
3r(~r~k j-C) T'('

1'(0)= 2C, AI(O)Ai'(0) + 2C 2 Ai'(0)B(0) + 3 Bi'() B(0) Bi'(0)
SC 1 - 2 + C 3

4
We also have

C- f )d ,i12

~0

2

0

, since

i

J \(' I-(-'3

0

f 12 17-9
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If we use the properties

I1\

3 F( 2) ~1) ri 3/2

1 615)
32 1 1" ( /6 ir3/2

2 3 (12)

to write

(0) (12)' i . + .. .... . ...

1 (1)2. 5Q' /6 c ITl 2 )xpp 12)
1y'l "

II(o) - + - C2 1K 1 1 3 71

(12)

we find that

-3/2 !T 3/2'C1  2?r C", ) C2  27r cXp( ) C 3 =0

Therefore

21T if 3/2 exp( i -E) Ai() [3i (r) + i Ai (T)

This is the result which was to be proven.

L7-10
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b-lection izi

SOME APPLICATIONS TO ASYMPTOTIC EXPANSION OF
INTEGRALS DESCRIB3ING RADIATION PATTERNS OF SLOT ANTENNAS

The Fourier series

00 exp 7r~q
7 ~j y) ~ hifintena ocirwnfeentia slot)

1 71'
00-x in AxepiQ- r(82

00
n=

-0 717 A(xePln(& n ~(83

ea i q)-3 o
1157" 2 8--ix

LO~HEDARRATCRPRTON(1ftSc~ SPC slo)IVSI x _
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according to the rule

X, I- AN , 1- 0- r1f e.m A) 0 deit. (19-4)
m=1 M7-1

For x > 2, it is kniown that the teri-s with mn > 1 are negligible. The terms in the

series can be interpreted, for

DIFFRACTEA)

-DIRECT

'f-' ~ .nFFFRACTED

Fig. 20 Direct an(1 Diffracted Waves in Illuminated Region

7Ti/2 < < 7r/2 ,in terms of a direct wave 'j0() and diffracted waves xP(2rnir- ~

and 41(2m ir. 4 6_which have encircled the cylinder m times. The terms with m > 1

are exponenftially small, i comiparison with the terms for which m - .These terms

are illustrated as rays in Fig. 20. For 45 7- < 7r./2 ,it is generally sufficient to

write

+ 'l'(x4 2irx -'))+(q8(x,27
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4P
Uwhere 'I(x, ) and 'I(x, 2ff - ) are the diffracted wa-ves depicted in Fig. 21.

I N

7 ANTENNA

Fig. 21 Diffracted Waves in the shadow region

g In the work of.Fock, Goriaino, andl Wait, the asymptotic estimates

H()( \1/3 ' 2 /,I

S .) ( - x)

-" < 1/3 7. )

...... ..... t = 2) 2z-x

-18-3
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have been use( to chow that

ext x n() - - ,1/3 Ap ic6i

I-,o

--) -00

(13.7)

00

ex [I ( O 1) ] o e p i ( - )~
'2 ( "' q )  xH(), dn -exp ii xx _it. ex el ' r.

-,1 _ -

A similar result can be obtained for %,3(x, q5) if we write

0n7

Il (X( f (xjJ) + * -)(x, h) (18.8)
32r Hx~n 2-)j 2x 3.= '+(x#)+€

where

+(..f e xp [in (, .. 0] __ .p (4_ ( . I 4

d(,n) x i-- lj-- i --- - 2'Ip [i xQx - -)J 'fr - cxp(iLt (it

3 2 / -0

2~ 2 \Tcxp:- txQP )-I f(-)(, ,.-~ \ (¢ - g y). (1: 8.9)

We will now show how to obtain agymptotie expansions w-ich have the ahbovc sults '.G

leading terms. We let

v - x (- (x) t, ci t 1/
(C2) (It

LOCKHFFD AIRCRAFT CORPORATION MISSILES arnd SPACE DIVISION
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Ib
I and use the asymptotic expansion

H, ) = t.)( 1 + 2/

j where

t , L 2 i (t)1

r 1f 5 13 )+ Ia t I +3 i4 w,, 5'())1= - 0 (t

a 2  6 t + --I-- +l7_11w1.4+ 19t)]I~~t L 34w( ( (18.10)1072000 + 8 0 0 ±O 1. 2900 ' 240 0 t + T )
to arrive at

o2/3 . :11p (( " t x.)]j m u ) - . at
" -,o H 2) H (x) .

where
. /3 , / 31 [. t w{(t)] . ,/ F
1T)t2-T1 ( 2 0 t5 7 2+~x /  Wo 4 , --L,

(2, it (x) 15 60. x(t)j x 2 1 2600

+\ 
, ,,( 

) 
.4 

; t

630 + 140 w,(t w((O

115 t6 LP1 3 1

S[\9072000 1+3 4 0 0 0 90.

* (2 9 0 t 7+4 4 3t
(E90 1134000 -6300 w (t)

tb+ 3 t 2) 'i1 ++1 6

42000 420 /\J + (216000 1w(t)) + * 1.1I )

I '18-5
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We recall the definition of the functions

i ( in dt~~t

1(n) 0(t) 0(t) U

Ahere n can be positive or negative, positive values of n denote differentiation

with respect to A while negative wlues denote "integration".

We find that I

1/3 ,I 15

' \x/ o" p j f(") M 15 601

/2) f(5)) - 74 f (2) 1 f( 14 fii() 4.

+ -x 1 091 jO 4 1) 30
+- b- (-) 6/ 5 ()-t0+-,9 1 f 3) ( + f ( ) - f (7 ) 1

x 02.00 1 1 3 4 0 0 0
f  ( ) + q259200 f 7 )

4 )3 f 13 if( i () (2 ) t

1134000 1 6300 1 + 42000 f 2 4200 2

21600 1 3 )l (18.12)

18-6
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I w ~l) ui t.cr'tS f(?1) ) v by e, of the relations

I o

f (2)( ) (2)

f ' 1 1 tI fn(i -+ 2 1 fm -)4 n I
f 2

2" f( 2

2( ),) - , f( )(1. )

f 2)( ) V f(.)() ' 2 f( 2 )(4) 24 f(.)(4) _ f(,)

f Q(!)( )- 4 f(2 )( ).1 2 (3 )( 4)

A 42 f (4)
~f4) ) 2 2 f )(0 , _ 4, f,'),). 6 f(2)({ f(5)({

f I (2) 2 f ((i ) 4: f() ) f + 2 02 f5) (4)..

3~' 6f( ) 4 0 1 8 4 o 9041 0 f o

f + f )f() )()
Iii

18-7

IOCKHEE) AIRCRAFT CORPORATION MISSILES and SPACE DIVISION

11



LMSD=-288087

we find that

6/3 1 [ 3 ()+(x 2 8 2f(2)) 6 f f(3),) 59 f (- 1

Lx70060 12600 T

+( 3  1 2f(5)(4)+ i 12900f(6)() + "-40-0

.197 f(4)(0 .1 .-,19 ( ) i

4536000 00)0 19 f(3)(Q) + ... (18.14)

This expansion is primarily useful for >ior > 0. 'For

1~* [0 l ()

10 ) - - 0 exp/3)(

and hence the Successive terms in the asymptotic cxpansi6n increase in a manner which

prohibits the use of the expansion unless

or
2-Tr < (2/ixI/5

18-8
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This is the same criterion necessary for

-xCos 0 = X sin(l 0, X( xE) x 15 +
-2' 2 ×( - ) 6  E2- 2 C1 -2+"

to be represented by the first two terms of the Taylor series.

The mathematical difficulLy is related to the fact ftat physically we know that for

<0 we are I" the illuminated region and fka, k) should have the property

, k( aa  ;--;-9* o00 exp(-k s (18.16)

<2

I We can obtain such a result if we define

1/9 k
( il) P. 0 R (ha

and use the expansions

sin- X1C+!- + x+ + - x + .. 2< )

6 40 112 "I +(t)

6 2 1 8 t 0 1 + /74

I-/ l [.i 5t131 7 t

+-o-2 t5) + + t --wit

1i( 615 60 w(t)wl(t)

S1718-9
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We then find that

/1 \ / 3  - 1 3_ . /2 \2/3 3 F/t..
'I'(a4 I UM l o~- xp iUlw sinl~ - 1(9 ~) (VF C j

2(4/3- 5 f) f f(l

-/' ___00f()()+ 0 0 d f(1~) f( 4 (3)+)) )((- f()+ ,:

I + 310

1 (18.18)

This result is useful for t 0 . If we us the syrptotic expansions +

(59 2 f ~() + (l) F) 7( t) (3

(18.19)
alon With tre w ucs of Aul contfr t5d in Talhe 28, we arrive at

0.. (2.' ... exp .- . /3 11] 1) ' .A( )t 1A( ),9 n/ 1

T"(ka, - (- 2 exp(-ikt cos (6) 1- 1 + ...
ia ca Io 4 + 2 G 64

IT2

2 2/3 3 105i -7 + 24/3 "3

(18.20)

18-10
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.J If we now observe thatl
\2/3

i____ i 1+ 3I - cos 2 € ) .... ___

91~- - A W3 n. 2 (), --

2 3 2 //3 1

13+114(1-cos2€)+48(1 -cos 175 2 + 480 124/3
94 6 4 C) 7\ka, '15(F.)

64 6i4 64~

0(18.21)

we f thnt

-M*-

Y(ka 4 2 cos 4exp(- I ka eos 1) 1.

)a 2(1()o '085 2(a) Cos (b

1,< S2 2 4

11, + 114 sillcd + 48 Sill
9 +'"

8 (ka) ns 7'9
(18. 22)

This result shows that the choice of t as a paramter leads for ka - 0, ,< 7r/2

to the optics result 2cos 4, exp(- Ika c si4). Purthormore, instead of an asymptotic

eBtimate, we now have an asymptotic expansIon. The terms in (ka)-1 and (ka)- 2haVe

been previously found by Fr.nz and Galle (Pef. 23) and by Keller, Lewis, and Seckler

I (Ref. 38). However, this expansion Is useles for I 4,f r/2, whereas the expan-

zion Involving f(n)(t) is valid at 1) - ./2 Furthermore, at 4 - 7r/2 the

.4 expansion t is identical with the expansion involvIng 4 . Therefore, the two expan-

sions complement each other.I

18-11
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In a similar mannl' we can show that, for 1 /2 1(2./5)/

n2/3r t 19 i~ 1 1~''2 (ka,o) exp[1ka(Q--') g(4) - W,) W, 2\ - 4 '('1))+ ( + -'((-g'-'( )
-(2 k ,o 1 To-+- 30( - d-

-4/9- -2 g)( 2 g(--44,
\a7200 1 5 7 5 k ()+ 0

\ oo ) ) -0g( - -
+6 0 0 '200

____239 42 g(2)(4{)4 4, 503...

I - ,g ( ) 2 - o g ( ..) ( 4 )1 g (4 )

000 400 /
+)2, g(,3 (0 (1))

I~:~ ±1(lc .A') ._ , --L(-i - g())(

200017 () 2 000 4. 0 0( 2 ( )

I 1'3 29 2(- ,
12000 12 0 . . 2000.1,

I~ ) 6 ()(a4~4~ + (18. 23)

t
18-12

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION
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=exp It [ka sin(~7/)~1
E3

/3

+ < j (It )o (),< ~>()

-1~0;C g~-)t t+(,(

S(18.2 4).

These} t~eo UApFIn3IO, ar identical when -¢ -ir/2.. In the i1~umin'ate1 region, -. _-o
.... ' and we can sh"owv that, , '' :? l

\ 20 e) 1 49 50051
9. -1 4 6 6t 9 4 -2)' )

+/ ._+ ,, "

S2 66 2003.

4 642

+ 3(2 '(i44

7s~7

(8.18-13
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or

41 1 4

', (ua, qh) -- 2 ,xp(- Ika cos ) i1 -

o 2kacos3 
Vq (ka)

2  s6

+ .31 + 294 sin2 h + 144 sin4 (h
+Ii 3 9

8 0ka) cos ri

135 + 3537 sin2 q + 5328 sin 4 + 960 Mn6_p +

8 (ka)4 cos120

(18.2(6)

The terms in (ka) 1 nd (ka) 2 norrCe with those of Franz. and Galle (Ref. 23) and

Krllor, m.wi5, and Scokler (Ref. SIR). We re mrk aognin that fhis type exponsion i.q
,. / 1 . . . ., ., . -, 

1

U;C i' for ,5 .- ,/ aS WtS 111 1-0 Cle; ' With +' (k . t)

In the case of 'Io ,(x, ) we find that for the shadow region

Ix { /A) ) 2 \2/3/1 I

'I~~ka~k T ep~ka(~ + fi ()- (2 , -' ( f(){ -60 ' )A)

9 21 (f( 8)07.5140

(3iu 32160 0

" - + -, A 2Y {f )( ) - 1 A { 3f f5 )(A
4516 129000 f  )

+( 1 f V-7 + f(A 195998

(18. 27)

.18-1 4
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,h're dCnol(cs F01 the" hllurninalCd reglon, ,;e obtaln

wh+r !(ka, .T- exp,,, ,ifjin + Th

2/1 2I. 3
I( fff )

?fl ) + - f~'
10 3430

= 02i 0 28 0

Where doe'tes I: A01 re

If we use "he asy mptotic oxpnhiqorI9p fo r *we obt:3 ill

'I'"X I ka H if op l (6 4j-4Xp [i kal Sill( -7 -j

T "'' , i 2 - 2 -22 -  2

11315045 ~2/3 -1 7i14
1 "+ 445 + (] ') [I ,768 /4 + .4

/3) 9 [ 2 1(18.29)
I L 192

18-15
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3 12s2 1 i

Cos Ba 2 ka cos 34
(18.30)

The leading tern- is precisely the result obtained from geometrical optics.

These exam-ples clearly indicate the usefulness of thefucinf() ad n(,
in the problem of asymptoticalix' t-xpanding these Fourier integrals which desori'e the

radiation prol c)rties of il~~ V. cylindricali surface. Thec i ole of the two expansion

parameters

sill~j (0 Cosi

isq very Importaint. Sotne critics of Fock's work who have Seen1 the 1 946 work involving

have remarkecd that for r > 1 the approxinmation bcmsvry poor.' Others, who

have recently e 1I1lJ(yedl 1 have remirked10( thiat: the results are very p~oor' for < -1.

The offuct has been to leave thec imprecssion that Yock s universal functions f(x) , g(x)
are oil) sflitppnubargo, u re ~ t aLb-ve show that with a suitable

definition of tim- a ego mma l, theU fun1ctionS f(x), g(X) cal) be e(qually useful in the uii mbra

regioll and inl the line -oL-sight region.

Thx coi-fusion attendant to the use of. these two arguments has led to such statements4

as (lint. 39, p). 94): "'Wetzel'., formutlation differs from Fouek's in that he introduces

the basic p~rauneter as a function of the arc, lengt h along the convex surfa~ce, instead

a-, a function of thie linear distance along the tangent line a.t the shadow boundary. There

seems to be some reason to believe that Wetzel' s definition of is to) be preferred.

The asymptotic expansions abovq clearly indicate that eaich definition is 1iportant

18-16

LOCKHEED AIRCRAFT CORPORATION MISSILES and SPACE DIVISION



since one Is useful inl thel( ]Ight ed reg [eliiOhe oti i. is good In th'- zurybra, and both are

jgood- Inl the penumnr. 13oth d( filnitions had been used by Foc k ae early ;), 1.9411, but It.

was not until thne pllh! ieation of (lor ii Ioe a nponr (Hof. 14') in 1 9M~ that the o afue

of the two different argumnents were donmonstraited by ninmerical examples.

The use of different. arg),uments for the lighted region ind the umibra Is not new sinceI ___an example canl readily be, found by expressing results of Nicholson (Ref. 1) and
Macdonald (Ref. 2) in the notation of our function v(t ). Thus, we find that Nicholson

gives the niagtietic field in the penumbra and ouu the surface In the form

II k ~~"XI)~~~ )_A-

a 2) ed/2

Iwh~sre-ag Macdonal~d g-ives the field for- small heights h v a in thie.fox in

H L" exp( i 2ka sin j 1(k/2) "s sin (0/2)

I~~ ~~~~~~~ ± i (a/2) h/) (ou/13 (/]

Macclone l presented a physicaLl a rFumen(At to sill sl~intiate his rewults by observing that,

acc ording to geuometrical optics he would expect that

-12 2r /o - exp(- I k ), r. (-a + fi)2 -2a(a+ h) cos 0

or for 0 -0 h<<a,

I HA ~~~~~-i~ exp(-i 2ka sin ~ -- ~ ~ cnISAFDVSO.

2
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I,cdonalId showed Ht. the functions V (z). v (z) had the property that

z)- . , kvJ - -2z
Z -0 Z -- O

and therefore his result ,vas identical with that obtained from geometrical optics.

This agreement with the optics result: in a strong argument In favor of the use of
2 1/3F2 (ka/2) sin(9/2)- nq i he vn ri.hl in the function v(z) when the receiver is in

the lighted region.

In the pcnumbra, on .he other hand, Nieholsoe s for., rd,,ees to (cf. Eq. P 31)

2 5/6 • 1/2 /37r

~ ra -K IE) ~tL 1 ~" exp i ka. 1

This form is also consistent -ith physical concepts since the tactor (1/v'-in0)

shows that the v,':1v(s follow closely the sphere's curvature, with a diver-cnce in

... .. -rdanecr with the arc: of the sphere over which they spread (the radius of

parallel i rc]is hei n. proportiona 1 to in 9). but while travelill they continually

give off v1l"'i'f':Y P t o, rat. , [ given by the factor exp -0. 696 (ka) 1/ 3 o

The results given above have ll been obtained by expanding asymptotically an exatt

solution. The results cin alEo he obtained hy a pertuirbation procedure which. can

be extended to non-circular geometries. Vor example, if we let

,',F), 4J xp(i ka d)+pr) -- xp(i ka 05) 1,1)0 ,

12 /94/3I

18-18
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whe re

; ;. ,*./) 9 9

A (-.1\ iS - ,t (o ... -a,
:+\ , / \' %

we can show that if T'Ip, 5) is ii solution of

S2 9
82

-+ 1 + k"J a +'(p,b) -0
Op +2 p at) p 80,

that

____ n+2

-2 1 n+2*, * L204-0 112

'¢ ++iO n20 8 lq 2b 8- 12

B- ,- n-0 E 42+ i + '1) 0 0. 0

2 0

2 a

at o

Ifweereese ntI thei %(. the opn tform fFuir nerl

18-19
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we find that the IF (t, u) are solutions of the inhornogeneous Airy differential

I equation

Id 'F
--- o F =H(u ,t)

subjlect to the bundar-y c.(iid1itiuii

F 11(t,t Q G (t, o).

The solution to this equiation can be shown to be

1 ~ ~ w 2 t W, (x xQd

1w wAt (t j) wt 1w(t - 1

±- 1 '' 2M ~ WY N1 x Iix, t)ud - (3(o W t

where w (7.) denote the Airy inteprals.

This approach can be ireadily atpplie'd In the ewise of 0hec (1illijn "111d parabolic

Cylinders, and in the caqe of ellip-olds of vevolittion. Results, obtajune by using

this 'approach,will be peioserited in a Volume IV of this, series of 1 c-pol ts

r in Volume MI we. will presvnt a collention of asymptotic expansions' which are obtainedIIn a manner similar to that used above in the caise of tho radiation patterns for slets
on a circular- uylindur.-

18-20
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